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(p, q) y=z�{ u yP|=}x~���� ~�z w�v ~&����z=� w y-�/~�}����=���;��{ u@��� y w � w�vx�-vxw�� ~ w ���/� u { v � w�v��Pv�w�� �P~�}D� ���=� v�w�v�u z��H��zP� R � u z��
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¢ � u@£ }D� �����\~&� w�v�u z��
f+g�hMikj;lnmBoqp�r¥¤§¦ z��;|=|=} v �MyP~�}x~�� � �/y=} w � w |P� � { � �-~�z w�� }����/y v�w ~�� �&� z v ~�|H�;� wij = vji �P| u y-� w�u yP� i ~ w j ~�z w�v ~&���"z=� w y-�/~�}����-¨^} �-v ~�z w�©� v }�~��"� � � v ~��"� �&� z v ������z w }�~��"z u@��ª �/~�� Bj � u z w { u z � ~&�/�¡~�z w ~���~ w � v }���� � � v ~��P~ w ~&� � ~ � � z � ����} Bj ~�� w { u z � ~��/�¡~�z w ~¡�H��} u ���
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~ w � u zP{�}���� � � v ~�� �&� z v �/����z w Bq ~�� w yPz-~��\~&� v ~ ��w ~&� � ~���| u � v�w�v�� ��~ w"� �¸¼ u � � ~¡�-~�}�}x~�~�� w � u zP{�{ u z � ~&�/�¡~�z w ~@� ¢ ~ |=}�yP�&�P~�z�|H���/����z w�� }��} v���vxw ~�} u ���/��y-~ p w ~�zP� � ~&���"}D� v z � z v �=��z=��}�~�� v z � �M��} v�w�� ��� v } �Pv ~�z w

0 ≤ Bq ~ w
q∑

j=0

Bj ≤
+∞∑

i=0

Ai .

½ ��� � � v ~��P~ w ~&� � ~�� � z � ����} Bj ~�� w � u zP{ �5w ~&� � ~���| u � v�w�v�� ��~ w�� �;¼ u � � ~@� � }�}�~�~�� w � u z={�{ u z � ~&�/�¡~�z w ~�~ w �=|H�;�"|H���/���;��~ � }���} v��+v�w ~�~�z
q �H��zP��}����\~�{ u zP�-~ v z � �M�;} v�w�� � u z��

+∞∑

j=0

Bj ≤
+∞∑

i=0

Ai .

¢ ~�|=}�yP��}�~��"«¡¬-| u�w «-­��/~�� � � v�w ~���~�z�� �&ª y w �-~��My-~�� w�vxu z�� u z w ��� w�v � � � v�w ~���~ w"u z¾~�z�� � �=y v�w �P~�z �kw yP� v ��z w }�����y vxw ~ w �
+∞∑

i=0

Ai ≤
+∞∑

j=0

Bj

~ w � u z={
+∞∑

i=0

Ai =

+∞∑

j=0

Bj .

¦ z¾~�z w�v �/~�}x~�� � �/y=} w � w ��y vx� ��z w�©=i�l }x~��"� � � v ~��"� �&� z v ������z w }x~���z u¡��ª �/~�� Ai � u z w { u z � ~&�/�¡~�z w ~���� v zP� v ��y-~�{&~�}�}�~��P~ w ~&� � ~¿� � z � ����}
Ai
mJgÀi�l }x~��b� � � v ~��b� �&� z v �/����z w }x~��9z u¡��ª �/~�� Bj � u z w { u z � ~��/�¡~�z w ~���� v z=� v �MyP~�{k~�}�}�~"�-~ w ~�� � ~�� � z � ����} Bj �@��} u ���b}x~��b� � � v ~��b� ��� z v �/����z w}�~���z u@��ª ��~�� Ai ~ w {k~�}�}x~���� �&� z v �/���;z w }�~���z u@��ª �/~�� Bj � u z w { u z � ~&�/�¡~�z w ~��&�B� v zP� v ��y-~�{k~�}�}x~����-~ w ~&� � ~���� � z � ����y�Á Ai ~ w Bj ~ w�u z§��-~�|=}�yP�

+∞∑

i=0

Ai =

+∞∑

j=0

Bj .

Â"Ã�Ä+Å�Æ/Ç&È=Ã�É }�~ � � �/yP} w � w |=� � { � �-~�z w ~�� w { u zPz�y�� u yP��}�~�z u@� �-~ w « �&u �/­ � ~��-~�Ê=y ª=v z vbË | u y-�"}x~���� � � v ~���Ì��
V¾a9W�Í=[ÎdÐÏ

Ñ h�ÒS³=±¸Ó�g�h�Ô�±¸²-ÕÖlÖÒSlÖo�³=ln±¸h*× }�� ��u zP{ w�v�u z f ~�� w { u@� | u � � ~»��� yPzP~ ��u z={ w�vxu z��;Ø+z-~�� w � v { w ~ � ~�z w {&� u@v �/����z w ~ Ë |Hy v ���My-~ a ~�� w � w � v { w ~ � ~�z w| u � v�w�v�� ÌJ~ w �-~�}�� ��u zP{ w�v�u z ~kÁ�| u zP~�z w�v ~�}�}�~Ù�My v ~�� w �-~�{&}����/�\~ C∞ ��� w � v { w ~ � ~�z w | u � v�w�v�� ~¡��� w � v { w ~ � ~�z w {&� u@v �/����z w ~b~ w � w � v { w ~ � ~�z w { u z � ~kÁ-~��y-� R ���9�;�»{ u z=� � ��y-~�z w f ~�� w»� �@��}�~ � ~�z w �-~¿{&}����/�\~ C∞ ��� w � v { w ~ � ~�z w | u � vxw�vx� ~@��� w � v { w ~ � ~�z w {k� u@v �/����z w ~�~ w � w � v { w ~ � ~�z w { u z � ~&Á�~¿�/yP�
R �
f+g�hMikj;lnmBoqµ¸rDs=r�³ � u y-� k yPz¾~�z w�v ~��"z=� w y-��~�}Ö�=� u@v�w (Hk) }��5|=� u |P� vx�&w/�+© 0 ≤ uk ≤ 1 ~ w uk ≤ uk+1 ���y v �/��y-~ u0 = 0 ~ w u1 = f(0) = 1/ea � u z§� 0 ≤ u0 ≤ 1 ~ w u0 ≤ u1 � tMu@vxw�� � v z w ~�z=��z w k yPz�~�z w�v ~&��z=� w y-�/~�} w ~�}��MyP~ (Hk) � u@vxw� ��� v ~¡� ¦ z��$�;} u ���&�=|H�;��{&� u@v ������zP{k~��-~ f � 0 ≤ exp(−a) = f(0) ≤ f(uk) = uk+1 ≤ f(1) = 1 ~ w uk+1 = f(uk) ≤ f(uk+1) = uk+2~ w � u z={ (Hk+1) ~�� w��@� � vx�=� ~¡� ½ �5|P� u |P� v��kw�� (Hk) ~�� w � u zP{ « � � � � v�w � v �/~�~ w }�~ |P� v zP{ v |B~��-~�� � {&yP�/�/~�zP{&~ |B~�� � ~ w �-~�{ u zP{&}�y-�/~

∀k ∈ N 0 ≤ uk ≤ 1 ~ w uk ≤ uk+1 .
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¯ oFl¥°BhM±;i�l�j�²§p�³=±;lni�´�µ�µ�¶�h�oFlni�¶�ln·�h�±¸mPj �b� � |H�;��� w�v�u z���y�¹»º�� � t

Â"Ã�Ä+Å�Æ/Ç&È=ÃXÉ u zß|J~�y w*��u � � y=}x~&�$}�~��+{�« u �\~��$yPzß|B~�yà|=}�y=�+�\¬-z w « �kw�v ��y-~ � ~�z w �b��y v �/��y-~ f ~�� w {k� u@v �/����z w ~�~ w |=y v ���My-~ 0 ≤ f(0) =
exp(−a) ≤ 1 = f(1) �M}D� v z w ~&� � ��}�}x~ [0; 1] ~�� w � w � ª }x~"|B�;� f �M�9�;�Ù{ u z=� � ��y-~�z w }����/y vxw ~ (uk)k∈N ~�� w»��u z u�w�u z-~"~ w��¿� ��}x~�y-���Ù�=��zP� [0; 1] �¢ ~�|=}�yP� u0 = 0 ≤ f(0) = u1 ~ w � u zP{ }�����y v�w ~�~�� w {k� u@v �/����z w ~¡�H¹Ù~���� � �/yP} w � w �"� u z w ~kÁ=��{ w ~ � ~�z w {k~�y-Á��-~ � ��z=� � �&�
f+g�hMikj;lnmBoqµ¸rDs=r�á � z¾|B�;� w�v {&y=} v ~��"}�����y v�w ~ (uk)k∈N ~�� w {&� u@v �/����z w ~ ~ w�� �¸¼ u � � ~¡� � }�}x~�~�� w � u zP{�{ u z � ~&�/�¡~�z w ~@�Â"Ã�Ä+Å�Æ/Ç&È=Ã�É u z�|B~�y w |=� � { v �\~&���P|B�¸��|B���/���;�¡~ � }���} v���vxw ~��H�;z=��}�~�� v z � �@��} v�w�� ��|P� � { � �P~�z w ~���� 0 ≤ L(a) ≤ 1 �
f+g�hMikj;lnmBoqµ¸r¥¤Jr�³ ��y v �/��y-~ f ′ = af � u z��-�P|H�;�"{k� u¡v �/����zP{k~ ~ w | u � v�w�vx�-vxw/� �-~ f �

sup
0≤x≤1

|f ′(x)| = a sup
0≤x≤1

f = af(1) = a .

� z¾|B�¸� w�v {&yP} v ~����=���â�;|P�/­���¨���®¡�â��� u z��
∀k ∈ N sup

uk≤x≤1
|f ′(x)| ≤ sup

0≤x≤1
|f ′(x)| = a .

�9�;�"{ u z=� � ��y-~�z w �=}D� v z � �M�;} v�w�� �-~��"��{&{&� u@v �/�/~ � ~�z w � � z v ��|B~&� � ~ w ��� �;Ø�� � ~&�
∀k ∈ N |1− uk+1| ≤ a|1− uk|

~ w � u z={��P|=y v �/��y-~����â�;|P�/­���¨���®¡� � (uk)k∈N ~�� w�� �;¼ u � � ~ |H�;��®¡�
∀k ∈ N 1− uk+1 ≤ a(1− uk)

f+g�hMikj;lnmBoãµ¸r¥¤Jr�á ¨^}�� � �/yP} w ~��P~�¨���Ü��â�+�MyP~5}��$�/y vxw ~ (1 − uk)k∈N ~�� w | u � vxw�vx� ~�~ w¿� �;¼ u � � ~�|B�;��yPzP~5�/y vxw ~�� ��u@���kw � v �My-~5�-~���� v � u z a ��9�;�"{ u z=� � ��y-~�z w �=} u ���/��y-~ 0 < a < 1 �=}�~ w « ��u ��­ � ~���� ~�z={����-�/~ � ~�z w �P~���} v��+v�w ~���|B~&� � ~ w �-~�{ u z={&}�yP�/~ L(a) = 1 �
f+g�hMikj;lnmBoäµ;r�å�r�³çæ�u yP�*� �@u zP�$� � ¼ � � � | u zP�=y � {k~ w\w ~§�MyP~�� w�v�u zà~�zà|P� � � ��ª y=}x~§�-~X{k~ w/w ~�|H�;� w�v ~¡� ¢ u zPz u zP�*z � ��z ��u@v zP�$���â��y w �/~���;�/�@y � ~�z w ��èé¾á�ikj¸±¸³Hl�j�h-ÒÀh�oBj¡r ½ � ��u z={ w�vxu z x 7→ exp(x− 1) ~�� w }���{ u@� | u � � ~ ��� y=z-~ ��u z={ w�vxu z��;Ø+z-~�� w � v { w ~ � ~�z w {k� u@v �/����z w ~ ~ w �-~�}�� �¥u zP{ w�vxu z~kÁ-| u z-~�z w�v ~�}�}x~@�P��y v ~�� w � w � v { w ~ � ~�z w { u z � ~kÁ-~��/yP� R �-|B�;��{ u zP� � �My-~�z w {&~ w/w ~ ��u zP{ w�v�u z*~�� w ~�}�}�~kê ��ë�� ~ � w � v { w ~ � ~�z w { u z � ~&Á�~��/yP�

R �¶�ln±¸h�ì�j�h�ÒSh�oBj¡r�tMu@vxw
x ~ w y �P~�y�Áí� � ~�}�� ~ w λ yPzÀ� � ~�}b{ u@� |=� v ��~�z w �/~+î�~ w ®¡���9�;��� w � v { w ~+{ u z � ~&Á v�w�� �P~+}Ö� ~kÁ-| u z-~�z w�v ~�}�}x~*�/y-� R � v }�Pv ~�z w �P| u y-� a = 1 �

f (λx+ (1− λ)y) = exp (λ(x− 1) + (1− λ)(y − 1)) ≤ λ exp(x− 1) + (1− λ) exp(y − 1) = λf(x) + (1− λ)f(y)

~ w }�~��"{�������� � �M��} vxw/� � u z w ~&ÁP��{ w ~ � ~�z w }x~��"{���� x = y � λ = 0 ~ w λ = 1 �p�³=±*Õnh§ì@³=ÕnìMgFÕÎr�¦ z�� f ′ = af ~ w � u zP{ f ′ ~�� w � w � v { w ~ � ~�z w {k� u@v �/����z w ~���y-� R �M¨^}B~�z$� � ��yP} w ~¿��y-~ f ~�� w � w � v { w ~ � ~�z w { u z � ~&Á�~¿��y-� R �ï�³=ÕnìMgFÕ¿ð\áFlni;ñ�r�¦ z�� f” = a2f ~ w � u z={ f” ~�� w � w � v { w ~ � ~�z w | u � vxw�v�� ~���y-� R �P¨^}J~�z¾� � ��yP} w ~���y-~ f ~�� w � w � v { w ~ � ~�z w { u z � ~kÁ-~���y-� R �
f+g�hMikj;lnmBo1µ¸r�å�r�á ��y v ���MyP~ f(1) = 1 ~ w f ′(1) = af(1) = a ��}�� w ��z-�¡~�z w ~¾��yò�����¸|H«-~*�-~ f ��yS| u@v z w ���â� ª ��{ v ���\~ 1 ~�� w }����-� u@vxw ~��� � ��y=� w�vxu z*{��¸� w/� � v ~�zPz-~ y− 1 = a(x− 1)

u y$~�zP{ u �/~ y = ax+ 1− a � � z$|H�;� w�v {&yP} v ~&���-} u ���/��y-~ a = 1 �-{�� ~�� w }���|P�/~ ��v ­��/~ ª=v ���\~�{ w � v {k~¡�
f+g�hMikj;lnmBoíµ¸r�å�r�ì ��y v ���My-~ f ~�� w � w � v { w ~ � ~�z w { u z � ~kÁ-~¡��� u z��¡���;|=«-~�z-~��/~�zP{ u z w �/~��\~�� w ��zP�¡~�z w ~�����y�� ~�z5y=z5�/~�yP}�| u@v z w � � z�|H�;� w�v {&yP} v ~&���} u ���/�MyP~ a = 1 ��}x~$�¡���;|=«-~*�-~ f z-~$�/~�z={ u z w �/~*}���|=�/~ ��v ­&�/~ ª=v �/�\~�{ w � v {k~*��y��â��yÀ| u@v z w (1, 1) ��º�y w �/~ � ~�z w � vxw }Ö� � ��y=� w�vxu z f(x) = xz��â��� � ~ w �My�� yPzP~5�\~�yP}�~5� u }�y w�vxu z�� � ��� �¡u@v ��®¡��¹ u@��� ~�}��+��y v�w ~ (uk)k∈N ~�� w yPz-~5��y vxw ~�� � {&yP�/�/~�z w ~����/� u { vx� ~ � }�� ��u zP{ w�v�u z§{ u z w�v z�y-~
f �P� u z �k� ~�z w yP}�}x~�} v���vxw ~ ~�� w yPz¾| u@v z w"� Á�~��P~ f ~ w � u zP{¡�P} u �����My-~ a = 1 �P}Ö� yPz v �MyP~�} v���vxw ~ | u �/� v�ª }�~ �P~ (uk)k∈N ~�� w ®¡� ¢ �â�;|P�/­���¨���®¡� ª{k~ w\w ~��/y vxw ~ ~�� w { u z � ~&�/�¡~�z w ~ ~ w�v } �-v ~�z w L(1) = 1 � v � ~@�=}�����y v�w ~ (uk)k∈N { u z � ~&�/�¡~ � ~&����®�} u ���/�MyP~ a = 1 �
f+g�hMikj;lnmBoqµ¸r�ó�r�³ ½ � �¥u zP{ w�vxu z�} u �M�;� vxw « � ~ ~�� w�Ë � w � v { w ~ � ~�z w ÌÙ{k� u@v �/����z w ~ ~ w�Ë � w � v { w ~ � ~�z w ÌÙ{ u z={�� � ~���y-� R∗+ �=�9�;�"{ u zP� � ��y-~�z w

∀x ∈ [1; +∞[ 0 = ln(1) ≤ ln(x) ≤ ln(1) + (x− 1) ln′(1) = x− 1 .
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� z¾|B�¸� w�v {&yP} v ~��
∀x ∈ [1; +∞[ 0 ≤ ln(x) ≤ x

~ w � u z={
∀x ∈ [1; +∞[ 0 ≤ ln(x)

x
≤ 1 .

�9�;��{ u z=� � ��y-~�z w ln(a)/a �;|P|B�;� w�v ~�z wb� }Ö� v z w ~&� � ��}�}�~ [0; 1] �¸¨^}M~�z�� � �/yP} w ~¡�¸|H�;��� w � ªHv } v�w�� �-~�}Ö� v z w ~&� � ��}�}�~ [0; 1] |H�;��}D� �;|=|=} v {�� w�vxu z t→ 1−t �
0 ≤ 1− ln(a)

a
≤ 1 .

f+g�hMikj;lnmBo�µ¸r�ó�r�á ¹ u@��� ~ f ′ = af ��}�� �¥u z={ w�vxu z f ′ � � ��} v �\~¡� w�u y w { u@��� ~b}x~ � � vxw f ��yPz-~ ªHv ¼c~�{ w�vxu z ª=v { u z w�v z�y-~b~ w � w � v { w ~ � ~�z w {k� u@v �/����z w ~�-~ R �/yP� R∗+ � � z+|H�;� w�v {&y=} v ~&����}Ö� � �MyH� w�v�u z f ′(x) = 1 ��y=z-~�yPz v �MyP~�� u }�y w�v�u z$�/y-� R �-¹Ù~�}�}�~kêÎ{ v=�¡� � vx� ~ f(x) = f ′(x)/a = 1/a ~ w � u z={
a(x− 1) = ln(f(x)) = − ln(a) ~ w x = 1− ln(a)

a
.

�9�;�"{ u z=� � ��y-~�z w }Ö� yPz v ��y-~�� � ~�}�~�z�}�~��My-~�} f ��yPz-~�� � � vx�@� ~ � �M��}x~ � ® ~�� w 1− ln(a)/a �
f+g�hMikj;lnmBoõµ;r�ó�r�ì�tMu@v�w

g }�� ��u zP{ w�v�u zX� ��� z v ~���y-� R |H�;� x 7→ f(x) − x ��¹�� ~�� w yPzP~ ��u z={ w�vxu zX� w � v { w ~ � ~�z w { u z � ~kÁ-~�|=y v �/��y�� ~�}�}�~�~�� w� u¡�+� ~���� yPz-~ ��u zP{ w�v�u z�� w � v { w ~ � ~�z w { u z � ~kÁ-~�~ w ��� yPzP~ ��u z={ w�vxu z��;Ø+z-~¡�p�³=±*Õnh§ì@³=ÕnìMgFÕÎr ½ � ��u zP{ w�v�u z g ~�� w � w � v { w ~ � ~�z w { u z � ~kÁ�~�~ w�w ~�zP� � ~&��� +∞ ~�z −∞ ~ w ~�z +∞ |Hy v ���My-~�}D� ~kÁ�| u zP~�z w�v ~�}�}�~�~�� w � u¡�+v êzH�;z w ~¡� � }�}x~�~�� w ���-~5|H}�yP�����-~�{�}����/�/~ C∞ ~ w � u z ��v z v�� y � ~�� w � w/w ~ v z w } u �����My-~ g′ �&�â��zPz�yP}x~@� v � ~¡�J~�z 1 − ln(a)/a �J��y v ~�� w y=z� � ~�}�{ u@� |P� v ��~�z w �/~�î�~ w ®¡�=�9�;�"{ u zP� � �MyP~�z w�u z���}�~ w � ª }�~���y��P~ � �;� v � w�v�u zP����y vx� ��z w | u y-� g
x −∞ 0 1− ln(a)

a 1 +∞

g +∞ ↘ 1
e ↘ ln(a)−(a−1)

a ↗ 0 ↗ +∞

¨^}J~�z*� � ��yP} w ~ �MyP~ g ~�� w � w � v { w ~ � ~�z w | u � v�w�vx� ~ ��y-� R− ~ w ]1; +∞[ ~ w ���â�;z=zMyP}�~ yPz-~ �¥u@v �»~kÁ=��{ w ~ � ~�z w ~�z w �/~ î�~ w 1− ln(a)/a ~ w~�z w �/~ 1− ln(a)/a ~ w ® Ë ~�z§®¸Ì����9�¸��{ u zP� � �My-~�z w x→ f(x)−x ���â�;z=zMyP}�~�~&ÁP��{ w ~ � ~�z w �P~�y�Á �¥u¡v �»�/y-� R © ~�z§®�~ w Ë � w � v { w ~ � ~�z w Ì~�z w �/~�î�~ w 1− ln(a)/a �p�³=±$ì@mJoB°BhMö�l�j¸²=r ½ � ��u zP{ w�v�u z f ~�� w { u z � ~kÁ-~¿~ w }���|B~�z w ~¿�-~ }�� w ��z-�¡~�z w ~ ��� u z$�¡���;|H«-~ ��y$| u@v z w�Ë ®¡��®¸Ìb~�� w a ���9�;��{ u z=� � ��y-~�z w � v a~�� w � v � w�v z={ w �-~+®¡�=}���|P�/~ �+v ­&��~ ª=v �/�/~�{ w � v {&~�z�� ~�� w |H���"yPz-~ w ��z-�¡~�z w ~���y¾�¡���;|H«-~��P~ f ~�zÀ® ~ w {�� ~�z¾~�� w � u z={ yPzP~�� � {���z w ~@�=�9�¸�� w � v { w ~�{ u z � ~&Á vxw/� yPzP~�� � {���z w ~�{ u y-|J~�}x~��¡���;|=«-~�~�z��-~�y-Á�| u@v z w ��~kÁP��{ w ~ � ~�z w ��¹ u@��� ~ a > 1 }��+|B~�z w ~��P~�}�� w ��z-�¡~�z w ~�~�zò®~�� w � w � v { w ~ � ~�z w �/yP| � � v ~�y-�/~ � }��*|B~�z w ~+�-~+}��¾|P�/~ �+v ­&�/~ ª=v �/�/~�{ w � v {&~¡��~ w � u zP{�}�~��/~�{ u zP�í| u@v z w ��� v z w ~&���\~�{ w�v�u zX~�� w ���â� ª �/{ v �/�/~� w � v { w ~ � ~�z wFv z �¥� � v ~�y-�/~ � ®¡���9�;�F� v }�}�~�y-���F}���|B~�z w ~Ù�-~Ù}���{ u ���P~�¼ u@v �@z=��z w }�~���| u@v z w ����� � ª ��{ v �/�\~���î"~ w ®b~�� w f(1)−f(0) = 1−1/ea �{k~���y v � w � v { w ~ � ~�z w9v z ��� � v ~�yP� � ®��¸~ w � u zP{»}���|P�/~ �+v ­��/~ ª=v �/�/~�{ w � v {k~»�/~�{ u y-|B~�}�~Ù�¡���;|=«P~»�-~ f ~�z5yPz�| u@v z w ��� � ª ��{ v �/�\~�� w � v { w ~ � ~�z w��y-| � � v ~�y-��~ � îP�
Â"Ã�Ä+Å�Æ/Ç&È=Ã�É ~�z ��u z={ w�vxu z��-~ a � u z¾|B~�y w �-~���� v z-~&�"}��5| u � v�w�v�u z��-~ f |H�;�"���;|P| u � w�� }��5|=�/~ ��v ­&�/~ ªHv �/�/~�{ w � v {k~¡�
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Ú � �=��{ w�vxu z © ÊP���;z=Û u@v � t ��y � �;�¡~ u�w �9�;�¡~ ÷�Ý�®�Þ



¯ oFl¥°BhM±;i�l�j�²§p�³=±;lni�´�µ�µ�¶�h�oFlni�¶�ln·�h�±¸mPj �b� � |H�;��� w�v�u z���y�¹»º�� � t

½ �À�/y vxw ~�� � {&y-���/~�z w ~ (uk)k∈N { u z � ~&�/�¡~ � ~����+}��í����{ v z-~��-~�}Ö� � ��y=� w�vxu z f(x) = x �My v ~�� w }��í|=}�yP��|B~ w�vxw ~�|B�;� ��v {k~�}�}x~��$�My v � u z w| u � v�w�v�� ~����=���;��{ u zP� � �My-~�z w �P| u y-� a ≤ 1 � u z�� L(a) = 1 ~ w | u yP� a > 1 � u z w � u y � ~ 0 < L(a) < 1 �
f+g�hMikj;lnmBoqµ¸r�ó�r�· ¢ �â�;|P�/­��"{k~���y v |P� � {k­��-~ x→ f(x)− x �&�â��zPz�yP}x~�~�zÀ® ~ w ~�z w ��~�î�~ w 1− ln(a)/a � ¢ �â�;|P�/­���¨�� ÷=�â����®¡� r(a) ~�� w � u zP{{k~¿�-~&��z v ~&�Ùø � � u �Mº v z=� v 0 ≤ r(a) ≤ 1− ln(a)/a �-¹ u@��� ~ f(0) = 1/ea � r(a) z�� ~�� w |H���Ùz�yP}Ö� ¢ ~�|H}�yP� ln(a)/a ~�� w � w � v { w ~ � ~�z w | u � v�w�v��~ w � u z={ 0 < r(a) < 1 �
f+g�hMikj;lnmBoùµ¸r�ó�r�h �by v �/��y-~ f ~�� w {k� u¡v �/����z w ~�~ w 0 = u0 ≤ r(a) � u z§� f(0) ≤ f(r(a)) = r(a) ~ w � u z={ 0 ≤ f(0) ≤ f(r(a)) = r(a) �½ ��{k� u@v �/����z={k~��-~ f ~�z w ����ú¥z-~��P~ |=}�y=���MyP~�}Ö� v z w ~&� � ��}�}�~ [u0; r(a)] ~�� w � w � ª }�~ |H�;� f �=���;�"{ u zP� � �MyP~�z w }��5��y vxw ~ (uk)k∈N ~�� w���� ��}x~�y-����=��z=��{k~ w�v z w ~�� � ��}�}x~@�={k~��My v ~�� w }��5|P� u |P� v��kw�� ��~�{�«-~���{�« � ~¡�Â"Ã�Ä+Å�Æ/Ç&È=ÃSÉ u zù|B~�y w�ª=v ~�zù~�z w ~�z=�Py � �M��}x~ � ~�z w |=� u { � �-~&��|H�;�¾� � {�y-�/�/~�z={k~¡��� u y-� k ~�z w�v ~&��z=� w y-�/~�}Ö��z u�w�u zP� (Hk) }��ò|P� u |=� vx�kw��
0 ≤ uk ≤ r(a) �=��y v �/�MyP~ u0 = 0 ~ w 0 < r(a) �=}���|P� u |P� v��kw�� (H0) ~�� w"� ��� v ~¡� tMu@vxw k yPz�~�z w�v ~&��zH� w yP�/~�} w ~�}���y-~ (Hk) � u¡vxw�� ��� v ~¡�H�9�¸�{k� u@v �/����zP{k~��P~ f � v } �-v ~�z w

0 ≤ exp(−a) = f(0) ≤ f(uk) = uk+1 ≤ f(r(a)) = r(a)

~ w � u z={ }��5|P� u |=� vx�kw�� (Hk) ~�� w « � � � � v�w � v �/~@� ½ ~ |=� v z={ v |B~��P~ � � {�y-�/�/~�z={k~ |J~&� � ~ w �-~�{ u zP{&}�y-�/~
∀k ∈ N 0 ≤ uk ≤ r(a) .

Â"Ã�Ä+Å�Æ/Ç&È=Ã�É |Hy v ���MyP~�}D� v z w ~&� � ��}�}x~ [0; r(a)[ ~�� w � w � ª }�~ |H�;� f � u z��5~�z � � vxw yPz-~ v z � �M��} vxw�� � w � v { w ~ � �-� u@v�w ~¡�
f+g�hMikj;lnmBoSµ;r�ó�r�û ��y v �/��y-~ (uk)k∈N ~�� w yPz-~���y v�w ~"� � {�y-�/�/~�z w ~��;��� u { v�� ~ � yPzP~ �¥u zP{ w�vxu z+{ u z w�v z�y-~¡�M��� } v��+v�w ~¡�M�My v ~kÁ v � w ~���� �;|=�/­��9¨���®¡� ª �~�� w y=z�| u@v z w9� Á-~��P~ f � v � ~¡� L(a)

� ��y w � u@v�w r(a) ��� u@v�w ®¡�@¹ u@��� ~»|H�;��|H���/���;�¡~ � }���} v���vxw ~��H��zP�F¨�� ÷=� �-� ÷=� v } �-v ~�z w 0 ≤ L(a) ≤ r(a) < 1 �u z¾~�z�� � �Py vxw L(a) = r(a) �
f+g�hMikj;lnmBoùµ¸r¥üJr�³ ½ � ��u zP{ w�v�u z ϕ ~�� w �-~5{&}����/�/~ C∞ �/y-� R ~�z w �;z w �My-~�|P� u �=y v�w �P~�{ u@� | u � � ~����P~ w ~�}�}x~�� �¥u zP{ w�vxu z=�&�Bº�y �@u@v � v z=�;�¡~�-~�îP� u z�� f(x) = x+ o(x) ~ w � u zP{ }�~ �¡���;|=«P~��-~ f ~�� w�w ��z-�¡~�z w�� }��5|P�/~ �+v ­&��~ ªHv ���\~�{ w � v {k~ ~�z (0, 0) �P��y v �/��y-~�}D� ~kÁ�| u zP~�z w�v ~�}�}�~�~�� w� u@�+v z=��z w ~¡� f w ~�zP� � ~&���"î�~�z +∞ ~ w }x~��¡���;|=«-~��-~ f ~�� w � u zP{��;�\¬ � | w�u�w ~ � }D�â��Á-~��P~���� ª �/{ v �/�/~���~�z +∞ �½ ��� � � vx�¡� ~��P~ ϕ ~�� w � u zPz � ~ |B�¸� (1− x) exp(−x) | u y-� x � � ~�}�~ w � u zP{ ϕ ~�� w � w � v { w ~ � ~�z w {k� u@v ������z w ~���y-� [0; 1] ~ w � w � v { w ~ � ~�z w� � {k� u@v ������z w ~��/y-� [1; +∞[ � � z�|H�;� w�v {&y=} v ~&�"~�}�}�~�� w\w ~ v z w � u z � �¸Á v�� y � ~�zÀ® u@£ ~�}�}x~ � ��y w 1/e �
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½ � � � � v��@� ~��/~�{ u zP�-~��P~ ϕ ~�� w � u zPz � ~"|H�;� (x−2) exp(−x) ~ w � u z={ ϕ | u �/�/­��-~�yPz+yPz v �MyP~"| u@v z w ��� v z-ýP~&Á vxu z+~�z*Ü�~ w ��� w ��z-�¡~�z w ~¬���� � ~ w { u@�+� ~ � �MyH� w�v�u z y = (4− x) exp(−2) �=þÿ{k~ w ~�zP�-� u@vxw }�~ �¡���;|=«-~��-~ ϕ w ��� � ~&���\~���� w ��z-�¡~�z w ~@�
f+g�hMikj;lnmBo�µ;r�ü�r�á ��y v �/�MyP~ f(r(a)) = r(a) � u zS� exp(ar(a) − a) = r(a) ~ w � u zP{ ϕ(ar(a)) = a exp(−a) ���9�;��{ u z=� � ��y-~�z w a ~ w
ar(a)
u z w���ë�� ~ v�� �;�¡~ |B�¸� ϕ �

f+g�hMikj;lnmBoßµ¸r¥üJr�ì ¹ u@��� ~ ϕ ~�� w y=z-~��;|P|=} v {�� w�v�u z¾{ u z w�v zMy-~�� w � v { w ~ � ~�z w {&� u@v ������z w ~ �/y-� [0; 1] ��~�}�}�~¿� � ��} v �/~ yPz-~ ª=v ¼c~�{ w�v�u z ª=v { u z w�v zMy-~�-~ [0; 1] �/y-��� u z v�� �¸�¡~@� � ��� �@u@v � [ϕ(0);ϕ(1)] � v � ~@� [0; 1/e] � tMu zã�;|P|H} v {�� w�v�u zç� � { v |P� u ��y-~X~�� w � u zP{XyPzP~À�;|P|=} v {�� w�v�u zù{ u z w�v zMy-~� w � v { w ~ � ~ � ~�z w {k� u¡v �/����z w ~��-~ [0; 1/e] �/yP� [0; 1] �
f+g�hMikj;lnmBoqµ¸r¥üJr�·brDs ¹ u@��� ~�zPÛ u z=�»|B�;���/~ � �;���My-~&� ar(a) < 1 < a �

Ú � �=��{ w�vxu z © ÊP���;z=Û u@v � t ��y � �;�¡~ u�w �9�;�¡~��¡Ý�®�Þ



¯ oFl¥°BhM±;i�l�j�²§p�³=±;lni�´�µ�µ�¶�h�oFlni�¶�ln·�h�±¸mPj �b� � |H�;��� w�v�u z���y�¹»º�� � t

p�³=±$ì@mJoB°BhMö�l�j¸²=r ¹ u@��� ~ f ~�� w � w � v { w ~ � ~�z w { u z � ~kÁ-~¡��� u z w ��y�ÁS���â��{&{k� u@v �/�\~ � ~�z w ~�� w yPzP~ �¥u z={ w�vxu zS� w � v { w ~ � ~�z w {k� u@v �/���;z w ~$�-~���P~�y�Á � �;� v � ª }�~��&�=¨^}J~�z¾� � �/yP} w ~
ar(a) = f ′(r(a)) <

f(1)− f(r(a))

1− r(a)
=

1− r(a)

1− r(a)
= 1 < f ′(1) = a .

p�³=±$²@j¸g�·�h§·Fh§û mJo�ì�j;lnmBo9r ¢ �â�;|P�/­���}D� �&w y=�-~ � ~�z � ~�~�z�¨������â��� ϕ ~�z �@u¡v ~ R+ ��y-� [0; 1/e] ~ w ��| u y-� y �=��z=� ]0; 1/e[ }D� � �My=� w�v�u z φ(x) = y��� � ~ w ~kÁP��{ w ~ � ~�z w �-~�y-Á*� u }�y w�vxu zP��}D� yPz-~ � w � v { w ~ � ~�z w { u@� |=� v �/~�~�z w �/~¿î5~ w ®¿~ w }D� ��y w �/~ � w � v { w ~ � ~�z w |=}�yP�»�¡����zP�P~¿�MyP~�®¡� ½ ~��{�����} v���vxw ~�� y = 0 ~ w y = 1/e ��� � ~ w\w ~�z w {�«=��{�yPzÀyPz-~+�\~�yP}x~+� u }�y w�v�u z�� � ��� �@u@v ��î¾~ w ®��/~��\|B~�{ w�v�� ~ � ~�z w ��¹ u@��� ~ a > 1 ~ w
ϕ(a) = ϕ(r(a)) �P{�� ~�� w ��y-~ 0 < ar(a) < 1 < a �
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�9�;�"{ u z � ~kÁ vxw�� �9�;� �kw yP�-~��-~ ��u zP{ w�vxu z
�9�;�"{ u z=� � ��y-~�z w �P|B�;�"� �&� z v�w�v�u z��-~ ψ � v } �Pv ~�z w

ψ(ϕ(a)) = ψ(ϕ(ar(a)) = ar(a)

~ w � u z={
r(a) =

1

a
ψ(a exp(−a)) .

f+g�hMikj;lnmBoqµ¸r¥üJr�·br¥¤ ��y v �/��y-~ ψ ~�� w"ªBu ��z � ~�|H�;��®¡� u z��
∀a ∈ [1; +∞[ 0 ≤ r(a) ≤ 1

a

~ w � u z={��P|H�;�"}�~ w « ��u ��­ � ~��P~�{ u@� |H�;��� v � u z¾�P~��"} v���v�w ~����
lim

a→+∞
r(a) = 0 .

Â"Ã�Ä+Å�Æ/Ç&È=Ã�É |=y v �/��y-~¾}Ö� ~kÁ-| u z-~�z w�v ~�}�}x~¾~�� w � u@��v zH��z w ~¡� a exp(−a)
w ~�zP� � ~&���5î�~�z +∞ � ¦ ����~�z îP� ϕ(x) ∼ x ~ w � u zP{ ψ(x) ∼ x� �M��}�~ � ~�z w ~�z�îP�P¨^}�~�z�� � ��yP} w ~ ψ(a exp(−a)) ∼ a exp(−a) ~�z +∞ ~ w � u zP{ r(a) ∼ exp(−a) �H{k~��My v ~�� w |=}�yP��|P� � { v �"��y-~�}���} v���v�w ~|P� � { � �-~�z w ~¡�

f+g�hMikj;lnmBoqµ¸r¥üJr�h=rDs ��y v �/��y-~ f ′ = af � u z��-�P|H�;�"{k� u@v �/����zP{k~��-~ f
∀x ∈

[
0,

1

a

]
a exp(−a) = af(0) ≤ f ′(x) ≤ af

(
1

a

)
= ae exp(−a) =

ϕ(a)

ϕ(1)
.

� u � u zP� m = ϕ(a)/ϕ(1) �J�9�;� � w � v { w ~5| u � vxw�vx�-vxw�� ~ w � w � v { w ~5� � {k� u@v �/����z={k~��-~ ϕ ��y-� [1; +∞[ � u zí� 0 < m < 1 � � w �����â�;|P�/­��¿{&~��My v|P� � {k­��-~@�
∀x ∈

[
0,

1

a

]
0 < f ′(x) ≤ m .
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f+g�hMikj;lnmBoqµ;r¥üJr�h=r¥¤ � u y-� k ~�z w�v ~&��z=� w y-�/~�}D�=z u;w�u zP� (Hk) }��5|=� u |P� v��kw�� 0 ≤ r(a)− uk ≤ mk �H�by v �/��y-~ u0 = 0 ~ w 0 < r(a) < 1 � u z� |u0− r(a)| = r(a) < 1 ~ w � u zP{�}���|P� u |P� v��kw�� (H0) ~�� wÙ� ��� v ~¡� t�u@v�w k yPz*~�z w�v ~&��z=� w y-��~�}Ö�=¹ u@��� ~�}����/y vxw ~ (un)n∈N ~�� w {k� u@v �/����z w ~�-~�} v���vxw ~ r(a) � u z�� uk ≤ r(a) ~ w uk+1 ≤ r(a) � ¢ �â�;|P��­���}�~ w « ��u ��­ � ~��-~��"��{&{&� u@v �/�/~ � ~�z w � � z v �&� u z��
0 ≤ r(a)− uk+1 = f(r(a))− f(uk) ≤ (r(a)− uk) sup

uk≤x≤r(a)

|f ′(x)| .

¦ ���H��� �;|P��­���{k~5�My v � �kw���� {&� v�w ~�z�� � | u zP�/~ � ¨������ ����®¡� ar(a) < 1 < a ~ w � u zP{ 0 ≤ uk ≤ r(a) ≤ 1/a �=¨^}�~�z�� � ��yP} w ~¡�H|B�;��| u � v�w�vx�-vxw���-~ f ′ ~ w |H�;��¨������ ~¡��®¡�
0 ≤ r(a)− uk+1 ≤ (r(a)− uk) sup

0≤x≤1/a

f ′(x) ≤ m(r(a)− uk)

~ w |B�¸��{ u zP� � �MyP~�z w }��5|P� u |=� vx�kw�� (Hk) ~�� w « � � � � v�w � v �/~@� ½ ~ |=� v z={ v |B~��P~ � � {�y-�/�/~�z={k~ |J~&� � ~ w �-~�{ u zP{&}�y-�/~
∀k ∈ N 0 ≤ r(a)− uk ≤ mk .

º ��u � w�v�u � v
∀k ∈ N |uk − r(a)| ≤ mk .

f+g�hMikj;lnmBoõµ;r¥üJr�û\rDs ¹ u@��� ~ L(a) = r(a) �B¨������ ~¡��Ü�|B~�� � ~ w �-~�{ u zP{&}�y-�/~��My�� y=z-~ � ��}�~�y-���;|P|P� u {�« � ~��-~ r(a) |H�;� � ��� ��y w ~�� w � u zPz � ~|H�;� uk | u y-�"yPz k �@� � v�� ��z w mk ≤ 10−2 �H� � ~�{ m = eϕ(a) �=º�y w ��~ � ~�z w � v�w | u yP� k �/y-| � � v ~�y-� � −2 ln(10)/ ln(m) � ¦ �
0 ≥ ln(m) = 1 + ln(ϕ(a)) = ln(a)− (a− 1)

¨^}�~�z�� � �/y=} w ~
−2

ln(10)

ln(m)
= 2

ln(10)

a− 1− ln(a)
.

� u@v { v � u zP{ y=z���}�� u � v�w « � ~ ~�z�}���z-�M�;�¡~�� v ê	�¡Þ5| u y-� � ~ w\w �/~�~�z¾|=}���{k~�{k~�� v � � ~��&�

���
��
�������
����
����! �"�#�$
%�& ��'
%�& �)(
*�+�, $-�.� % �)/0��
 & � &), $1��
2��� & ��3
4�"65 , #7(�8)3
(:96� & ��(
#:;<�=
 + �>' & ����� & �?'
@�$2A�4�"65 , #
@ ,:B #
� & ��'
@�$2A����
CD5 BFE 
0G>'
@�$2A������)�
Â"Ã�Ä+Å�Æ/Ç&È=Ã§É {k~�z�� ~�� w �§|P� vxu � v |H����}�� ªBu zPzP~ ���kw « u �-~¡� � z ~IHB~ w+u z {��;}�{&yP}�~�z u z |H��� uk |H�;��{&~ w ��}x� u � vxw « � ~ � � v ��yPzP~ � ��}�~�y-��;|P|=� u {�« � ~��-~ uk � æ�u�w/u z=� vk }�� � ��}x~�y-��{���}�{&y=} � ~�|H�;��}�� � ��{�« v z-~��-~�� u � w ~���y-~ v0 = 0 ~ w v1 ~�� w }�� � ��}�~�y-���-~ exp(−a) �;|P|P� u {�« � ~{���}�{&yP} � ~�|H�;� }�� � ��{�« v zP~¡� t-v }�� � ��{�« v z-~��@�;����z w�v�w yPz-~5|=� � { v � v�u zX�-~ ε � {�«=���MyP~�{���}�{&yP}D��� � ~�{�|H�;�¿~kÁ-~ � |=}�~ ε = 10−8 � u zí�*� u zP{
|v1 − u1| ≤ ε ~ w �=�Py�{ u y-|��

|v2 − u2| ≤ m|v1 − u1|+ ε ≤ (1 +m)ε

~ w � u z={
|vk − uk| ≤ (1 +m+ . . .+mk−1)ε =

(1−mk)ε

1−m .
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¢ � u@£
|vk − r(a)| ≤ mk +

(1−mk)ε

1−m .

�9�;��~kÁ-~ � |H}x~¡�P| u yP� a = 2 � u z w � u y � ~ −2 ln(10)/ ln(m) ' 15.007749 ~ w �P| u y-� k = 16 � u z�� |v16 − r(2)| ≤ 0.00737514 �� u@v { v yPz-~LK � ~ v }�}�~�y-�/~�M ���kw « u �-~@� ªHv ~�zS�My-~+{k~+zP~�� u@v�w |B��� {&~�}�}�~+�MyP~+�/y-�¡�¡­&��~�}D� � z u zP{ � � Ú ~ � �;���My u zP� w�u y w ��� � ªBu ���À�My�� u zS�-�} u ���/�MyP~ a > 1 �
∀x ∈ R x < r(a)⇔ (x < 1 ~ w x < f(x)) .tMu@vxw�� � v z w ~�z=��z w x ~ w ε �P~�y�Á¾� � ~�}�� w ~�}��"�MyP~
ε > 0 , x < r(a) ~ w x < f(x) < x+ ε

��} u ��� u z �-��|H�;�5{k� u@v �/���;z={k~*�-~ f � f(x) < r(a) ~ w �F���â�;|P�/­���¨������ ~¡��®+~ w }�~ w « �&u �/­ � ~$�P~��5��{&{&� u@v ���\~ � ~�z w�� z v ��� f(x) < f(f(x)) <
f(x) +mε � ¦ z¾~�z�� � �=y v�w

∀k ∈ N fk(x) < fk+1(x) < fk(x) +mkε

�-~�� u � w ~���y-~
∀k ∈ N fk+1(x) < x+ ε(1 +m+ . . .+mk) < x+

ε

1−m .

¦ ���H{ u@�+� ~��=��zP��}Ö� �kw yP�-~�|P� � { � �-~�z w ~¡�B}��+��y v�w ~ (fk(x))k∈N ~�� w yPzP~��/y v�w ~�� � {&y-�/�/~�z w ~�{&� u@v �/����z w ~5� w/w ��{�« � ~ � }�� ��u zP{ w�v�u z�{ u z w�v z�y-~
f ~ w |=�/~�z=��z w �-~�� � ��}�~�y-��� v z �¥� � v ~�y-�/~�� � � u z |=}�yP��|B~ w�vxw | u@v z w�� Á-~ r(a) � � }�}�~�{ u z � ~��/�¡~�� u zP{ � ~&����{&~�| u@v z w+� Á�~¡�9¨^}»~�z � � �/y=} w ~
r(a) ≤ x+ ε/(1−m) � ¢ � u@£ }D�â�;���\~&� w�v�u z

∀x ∈ R x < f(x) < x+ ε < 1⇒ x < r(a) < x+
ε

1−m .

½ �â��}�� u � v�w « � ~ � ~ w/w ��z w {k~ w « �&u �/­ � ~�~�zç��{ w�v�u zà~�� w ~��/�/~�z w�v ~�}�}x~ � ~�z w }x~ ��ë�� ~���y-~�|P� � { � �-~ �+� ~�z w§©bu z vxw ­&�/~ f � |H�;� w�v �$�-~§îP�{�� ~�� w }x~ w ~�� w ��� �;�/� ë&w ��y v {�«=��z-�¡~¡�Bº � ~�{�}x~���z u;w � w�v�u z=�"|P� � { � �-~�z w ~�� u z�{���}�{&y=}x~5{k~ w/w ~ ��u@v �\êÎ{ v vk ~ w z u z uk ~ w {�� ~�� w vk ��y v �\~����+yPz-~�;|P|=� u Á v�� � w�vxu z��P~ r(a)
�

10−2 |P�/­����-­�����y-~�}Ö� u z¾|B~�y w��¡� � vx� ~&� vk < f(vk) < vk + (1−m)10−2 < 1 �� u@v { v }Ö�â��}x� u � vxw « � ~ ~�z�}���zP�@�;�¡~�� v ê	�¡Þ

���
��
�������
����
����! �"�#�$
%�& ��'
4�"65 , #N'296� % ;<� &)* � + �F� & 
 + #:;O�.� & 
2����8�#:;<��
 + �>' & �����
#:;<�=
 + �>' & ����� & �?'
@�$2A�4�"65 , #
@ ,:B #
� & ��'
@�$2A����
CD5 BFE 
0G>'
@�$2A������)�
½ �â��}x� u � v�w « � ~ ~�� w"ªHv ~�z � ~ v }�}x~�yP��� ¢ � ¼ �5u z�z��â� ª yP�/~ |H��� w � u |��-~�}�� � �¸¼ u ��� w�v�u z¾��� u ��� v ­&�/~ |H�;� m �Py�¨����M� ~¡��®¡�

f+g�hMikj;lnmBoqµ¸r¥üJr�û/r¥¤ º � ~�{�}Ö�â��}�� u � vxw « � ~���y-�¡� � � � |B�;�"}Ö� � z u zP{ � � u z u¡ªPw�v ~�z w�©
a k L(a) = r(a) ' uk f(uk)
2 16 0.20318779 0.20318784
4 3 0.01981792 0.01982665

º � ~�{ }D�â��}x� u � v�w « � ~�� ��� } vxu � � � u z u¡ª-w�v ~�z w�©
a k L(a) = r(a) ' uk f(uk)
2 4 0.19907981 0.20152529
4 1 0.01831564 0.01970787
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t-v }Ö� u z � ~�y w�w � u z=�My-~���{k~���� � �/y=} w � w �&��|H�;��~kÁ�~ � |=}�~ � }����\~�{ u zP�-~+� � { v�� ��}x~@� v } � ��y w�� � v �/~*� w/w ~�z w�vxu z���� u y-� a = 2 � u zS� 0.2 <
f(0.2) < 0.202 < 1 ~ w � u z={ 0.2 < L(2) < 0.21 � v � ~@� 0.2 ~�� w y=z-~ � ��}�~�y-���;|P|P� u {�« � ~�|H�;�"� ��� ��y w �-~ L(2)

�
10−2 |P�/­��&�P � v �"| u y-� a = 4 � u z§� f(0.01) ' 0.0191 {&~���y v z-~�|B~�� � ~ w |H�����-~�{ u zP{�}�y-��~¡�H�9�;��{ u z w �/~ 0.019 < f(0.019) < 0.0198 < 1 ~ w� u z={ 0.019 < L(4) < 0.029

©
0.019 ~�� w yPz-~ � ��}x~�yP���;|P|=� u {�« � ~�|H�;�"� ��� ��y w �-~ L(4)

�
10−2 |P�/­����æ�� �;z ��u@v z=� f(0.02) > 0.02 �B�P~5� u � w ~5��y-~ 0.01 < L(4) < 0.02 ~ w 0.02 ~�� w yPzP~ � ��}x~�yP� �;|=|P� u {�« � ~5�-~ L(4)

Ô�³=±�hMö�ì�Q�i �B¨^}�~�z� � ��yP} w ~ � �M��}x~ � ~�z w �My-~ 0.01 ~�� w � � zH��}x~ � ~�z w �=yPz-~ � ��}x~�yP���;|P|=� u {�« � ~�|H�;�"� ��� ��y w �P~ L(4)
�

10−2 |=�/­��&�
f+g�hMikj;lnmBo µ¸rSR�r�³ã¦ zù�À� � ¼ � �/~ � �;���My � ~�zà¨������ ª �My-~@��| u y-� w�u y w a > 1 � u zç� exp(a(r(a) − 1)) = f(r(a)) = r(a) ~ w � u zP{
exp(a(L(a)− 1)) = L(a) � � z���� � ~ w/w ��z w ��y-~ L ~�� w �P~�{&}����/�/~ C1 ��y-� ]1; +∞[ � v } �-v ~�z w

∀a ∈]1; +∞[ L′(a) = (L(a)− 1 + aL′(a)) exp(a(L(a)− 1)) = (L(a)− 1 + aL′(a))L(a)

~ w � u z={
∀a ∈]1; +∞[ (aL(a)− 1)L′(a) = L(a)(1− L(a))v � ~@� L ~�� w � u }�y w�vxu z��-~�}Ö� � ��y=� w�vxu z�� v H � �/~�z w�v ~�}�}x~

(ay − 1)
dy

da
= y(1− y)

��y-� ]1; +∞[ �Â"Ã�Ä+Å�Æ/Ç&È=Ã�É z u;w�u zP� F }�� ��u zP{ w�v�u z¾�P~ R2 �=��z=� R � ��� z v ~¿|H�;� F (a, x) = exp(a(x− 1))− x �H¹�� ~�� w y=z-~ ��u zP{ w�v�u z¾�-~ {&}����/�/~ C∞ ~�z}�~����P~�y�Á � �;� v � ª }x~���~ w"u z��
∂F

∂a
= (x− 1) exp(a(x− 1)) ~ w ∂F

∂x
= a exp(a(x− 1))− 1 .

� u y-� a > 1 ~ w x = r(a) � u z�� F (a, x) = 0 �B¹ u@��� ~ u z��
∂F

∂x
(a, r(a)) = ar(a)− 1 < 0

~�zß|H�;� w�v {�yP} v ~&�$}��í� � � v��@� ~�|H�;� w�v ~�}�}�~��-~ F |B�;�����;|P| u � w*� x ~�z (a, r(a)) ~�� w z u zßz�yP}�}x~�~ w+u z |J~�y w �;|P|H} v �My-~&�$}�~ w « ��u �/­ � ~��-~����u z={ w�vxu zP� v�� |=} v { vxw ~��&� ½ � �¥u z={ w�vxu z r |B~�y w � u zP{ ëkw �/~�� �&� z v ~5��y �¡u@v � v z=�;�¡~��P~ a Ë {&~��MyP~�}Ö� u z���� v�w � � ¼ � Ì»~ w ¬¾~�� w �-~�{&}����/�\~ C1 � ¢ ~|=}�yP� u z��
r′(a) = −∂F

∂a
(a, r(a))/

∂F

∂x
(a, r(a)) = − (r(a)− 1)r(a)

ar(a)− 1
,

{k~��My v ~�� w }x~�� � �/yP} w � w ��y-~�}Ö� u z �Pv ~�z w �P~ w � u y � ~&���
f+g�hMikj;lnmBoòµ¸rSR�r�áS¦ z$�/y-|=| u �\~ a > 1 �-¹ u@��� ~ r ~�� w���� ��}x~�y-���Ù�=��zP� ]0; 1[ � u z$� (1− r(a))r(a) > 0 �M�9�;�»� v }�}�~�y-��� ar(a) < 1 ���â�;|P�/­��¨������ ����®¿~ w � u z={ L′(a) < 0 �P¨^}J~�z�� � ��yP} w ~��MyP~ L ~�� w � � {k� u¡v �/����z w ~��/yP� ]1,+∞[ �
f+g�hMikj;lnmBo1µ;rSR�r�ì ½ � ��u zP{ w�v�u z L ~�� w { u zP� w ��z w ~¾�/y-� [0; 1] � � }�}�~ w ~�zP� � ~�����î§~kÁ�| u zP~�z w�v ~�}�}�~ � ~�z w ~�z +∞ ~ w ��~�zò|H�;� w�v {�yP} v ~&����� u z�¡���;|=«P~ ~�� w ���\¬ � | w/u�w ~ � }D� �¸Á-~��P~��"� ª �/{ v �/�\~��&�¦ zí|B~�y w w ����{k~&���;|P|P� u Á v�� � w�vx� ~ � ~�z w }x~�� � ��}�~�y-����~ w }�~�� w ��z-�¡~�z w ~�����yí�¡���;|=«P~��P~ L ~�zòÜ*~ w ÷=� ¦ zò� 0.20 ≤ L(2) ≤ 0.21 ~ w� u z={

−0.29 ≤ −0.21(1− 0.20)

1− 2× 0.21
≤ L′(2) ≤ −0.20(1− 0.21)

1− 2× 0.20
≤ −0.26 .

¢ ~ ��ë�� ~¡� � |H�;� w�v �"�-~ 0.019 ≤ L(4) ≤ 0.02 � u z w�v �/~
−0.022 ≤ −0.02(1− 0.019)

1− 4× 0.02
≤ L′(4) ≤ −0.019(1− 0.02)

1− 4× 0.019
≤ −0.02 .

¢ ~¿|H}�yP� L ~�� w � � {&� u@v �/����z w ~ ��y-� ]1; +∞[ ~ w � u zP{ L �5yPz-~�} v���v�w ~ � �P� u@v�w ~¿~�zX®�~ w {k~�}�}�~kêÎ{ v ~�� w"v z ��� � v ~�y-�/~ � ®¿|=y v �/�MyP~ L |P�/~�zP�¾�-~��� ��}x~�yP��� v z ��� � v ~�y-�/~�� � ®¡�
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Â"Ã�Ä+Å�Æ/Ç&È=Ã+É u z�|B~�y w |P� � { v �/~&�¿{k~ w/w ~5} v���vxw ~@� � z�~IHB~ w �H| u yP� a > 1 �B{ u@��� ~ f ~�� w �P~5{&}��;���\~ C2 �/yP� R � u z�|B~�y w¿� {k� v �/~5}�� ��u � � yP}x~�-~����&¬-} u �\ê ½ �;�¡����z-�¡~ � }D� u ���P�/~�Ü�~�z w �/~ r(a) ~ w ®¡� ¦ z u¡ª-w�v ~�z w

r(a) = f(r(a)) = f(1) + (r(a)− 1)f ′(1) +
(r(a)− 1)2

2
f”(c) = 1 + (r(a)− 1)

(
a+

a2

2
(r(a)− 1)f(c)

)

| u y-��yPzS{&~&� w � v z c { u@� |=� v ��~�z w �/~ r(a) ~ w ®¡� ¦ zÀ|J~�y w � � {k� v �/~$}Ö� � �M��} v�w�� |P� � { � �-~�z w ~+~�zS� v��-v ����z w |H�;� r(a) − 1 ��y v z�� ~�� w |H����z�yP}���â�;|P�/­���¨�� ÷=� �-� ÷=�-~ w"u z u¡ª-w�v ~�z w
1 = a+

a2

2
(r(a)− 1)f(c)

u y¾~�zP{ u �/~¡�P|B�¸�"� w � v { w ~�| u � vxw�v��-vxw�� �P~ f �
1− r(a) =

2(a− 1)

a2f(c)
.

¹ u@��� ~ 0 ≤ r(a) ≤ c ≤ 1 � v } �Pv ~�z w exp(−a) ≤ f(c) ≤ 1 ~ w � u z={
2(a− 1)

a2
≤ 1− r(a) ≤ 2ea(a− 1)

a2
.

¢ �â�;|P�/­���}�~ w « �&u �/­ � ~¿�-~ { u@� |H�;��� v � u z*�-~���} v��+v�w ~���� r ��� � ~ w � u zP{5® { u@��� ~¿} v���vxw ~ � �-� u@v�w ~¿~�zX®��P�9�¸��{ u zP� � �MyP~�z w L ~�� w { u z w�v z�y-~~�zÀ® ~ w � u zP{���y-� R+ �
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Ú ~ � �;����y u zP����y-~ L ~�� w y=z-~ ��u zP{ w�v�u z+{ u z � ~kÁ-~��/yP� ]1; +∞[ � � z�~IHB~ w �¡|Hy v �/�MyP~ aL(a) < 1 | u y-� a > 1 �M}Ö� � ��y=� w�vxu z$� v H � �/~�z w�v ~�}�}x~��y-~���� w�v � � � v�w L ��u z w �/~��My-~ L ~�� w �-~�{�}����/�/~ C∞ ��y-� ]1; +∞[ � ¦ z u¡ª-w�v ~�z w ~�z�� � � v�� ��z w (aL− 1)L′ = L(1− L)
©

(aL− 1)L” + (L+ aL′)L′ = L′(1− 2L)

(aL− 1)L” = L′(1− 3L− aL′)
(aL− 1)2L” = L′ ((1− 3L)(aL− 1)− aL(1− L))

(aL− 1)2L” = L′(−1 + 3L− 2aL2)

(aL− 1)2L” = −L′(1− 3L+ 2aL2)

~ w � u zP{��P|=y v �/�MyP~ L′ ~�� w z � �M� w�vx� ~��/y-� ]1; +∞[ � L” ~�� w �Py�� v �@z-~��-~ 1− 3L+ 2aL2 ��y-�"{k~�� u@� � v zP~¡� � z¾|H�;� w�v {&y=} v ~&���=� v 9− 8a ~�� wz � �@� w�v�� � v � ~¡�=� v a > 9/8 �=��} u ��� 1− 3L+ 2aL2 ~�� w | u � vxw�v�� ~ w � u zP{ L” ��yP�/� v � t�v�� � v z w ~�z=��z w 1 < a < 9/8 �H�;} u ���
1 <

3−
√

9− 8a

2
⇔
√

9− 8a < 1⇔ 1 < a

Ú � �=��{ w�vxu z © ÊP���;z=Û u@v � t ��y � �;�¡~ u�w �9�¸�¡~+®�î@Ý�®�Þ
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~ w � u z={ L(a) < 1 < (3−
√

9− 8a)/2 �-�9�;��{ u zP� � �MyP~�z w 1− 3L+ 2aL2 ~�� w | u � v�w�v�� ~ w � u zP{ L” ��yP��� v �-Ê v z=��}x~ � ~�z w L” ~�� w | u � vxw�v�� ~��y-� ]1; +∞[ ~ w L ¬¾~�� w { u z � ~kÁ�~@�¨^}H� � �/y=} w ~��-~�{k~ w/w ~��/~ � �;����y-~���y-~ L z�� ~�� w |H���Ù�-~�{&}����/�\~ C1 �/y-� R∗+ � � z+~IHB~ w L ~�� w � � � vx� � ª }�~ � �@��y={�«-~�~�z�®¡�M�-~�� � � v��@� ~�z�yP}�}x~¡�t �¾� � � vx�¡� ~+�*yPz-~�} v��+v�w ~ � �-� u@vxw ~5~�z ® ËÖ� z v ~ u y v z � z v ~;Ì"|Hy v ���MyP~�{&~ w/w ~�� � � v��@� ~�~�� w yPz-~ ��u z={ w�vxu zí{k� u@v �/���;z w ~��/yP� ]1; +∞[ ��¹Ù~ w/w ~} v���vxw ~�~�� w � u zP{ v z ��� � v ~�y-��~ � L′(2) �My v ~�� w � w � v { w ~ � ~�z w z � �M� w�v�� � � }�}�~5z-~�|B~�y w � u z={ ëkw �/~5zMyP}�}x~�~ w � v zP� v L z�� ~�� w |H����{ u z w�v z�T � ~�z w� � � v�� � ª }�~�~�zÀ®��Â"Ã�Ä+Å�Æ/Ç&È=Ã�É }x~�{��;}�{&yP} ��u z w ���;z w }���{ u z w�v z�y vxw/� �-~ L � u z=z-~ � �M��}x~ � ~�z w }�� � ��}�~�y-���P~�}���� � � vx�¡� ~ � �-� u@vxw ~��-~ L ~�zÀ®¡� � z¾~.HB~ w � u z��� y���y-~¡�P| u y-� a > 1 � v }�~kÁ v � w ~ c(a) ~�z w �/~ r(a) ~ w ® w ~�}���y-~
r(a)− 1

a− 1
= − 2

a2f(c(a))
.

¹ u@��� ~ r(a) ≤ c(a) ≤ 1 ��}x~ w « �&u �/­ � ~¾��� ~�z={����-�/~ � ~�z w �-~���} v��+v�w ~��+�;���/y-��~¾��y-~ c(a)
w ~�zP� � ~&���¾®�} u �����My-~ a w ~�zP� � ~&����®��9�9�;�{ u z w�v zMy v�w�� �-~ f � f(c(a))

w ~�zP��� u zP{ � ~���� ®���y=�/� v �=��zP�"}�~�� ��ë�� ~���{ u zP� vxw�v�u zP�&�P¨^}�~�z¾� � �/yP} w ~
lim
a→1+

r(a)− 1

a− 1
= −2 .
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Â"Ã�Ä+Å�Æ/Ç&È=Ã�É v }�~�� w�w �/­��5� v Ø+{ v }x~¾�-~*� � � u yP�P�/~*}D� � �My=� w�v�u z � v H � �/~�z w�v ~�}�}�~¾�My-~¾��� w�v � � � vxw L � � ~�{*}���{ u zP� vxw�vxu z L(1) = 1 � � zò~IHB~ w }�~w « �&u �/­ � ~��-~X¹���yP{�«¡¬�ê ½ v |=�/{�« v�w ø§z-~��&�â�;|P|=} v ��y-~�|H���&� ¢ ~ ��ë�� ~ u zàz-~�|B~�y w �¸|=|=} v �MyP~&�$}�~ w « ��u �/­ � ~��P~�� ��u zP{ w�v�u zP� v�� |=} v { vxw ~�� �
F (a, x) = exp(a(x−1))−x ��y �@u¡v � v z=�;�¡~ (1, 1) � P u ����}x~ � ~�z w�v }�¬+�¿�P~�y�Á�� u }�y w�vxu zP� � }D� � �My=� w�v�u z�~�z x � F (a, x) = 0 � ½ � yPz-~"��� ~�z w �/~~�}�}x~5~�� w }��+� u }�y w�vxu z§{ u z=� w ��z w ~ � �M�;}�~ � ®¡� ½ �+�/~�{ u zP�P~�~�� w yPzP~ �¥u zP{ w�vxu z§�P~5{&}������\~ C∞ �/y-� R∗+ � � �M��}x~ � L �/y-� [1; +∞[ ~ w �My v ~�� w}���� u }�y w�vxu z!K¸}��5|H}�y=���¡����z=�-~?M*} u ���/��y-~ 0 < a < 1 �

V¾abWMÍ=[ÎdÐÏ-Ï

f+g�hMikj;lnmBoqµ�µ¸rDs=r�³§tMu@vxw
n ~ w k �P~�y�Á¾~�z w�v ~&���"z=� w y-�/~�}��&� t-v }�~ w ~ � |=���-~��/~&� �-v {k~��Py�{&} v ~�z w�v z vxw�v ��}�~�� w n � v }J¬�� n v z w ~�� � ��}�}x~�� [i− 1, i[|B~�z=�=��z w {�«=��{&yPz��-~����My-~�}�� v }J|J~�y w �;�/� vx� ~&�"yPz¾{&} v ~�z w�u y�z u z © � v }�� � �;� v � ª }x~���} � � w�u@v �/~ Bi |P�/~�z=�¾}�� � ��}�~�y-��®¡�-y=z¾{&} v ~�z w �;�/� vx� ~��=��zP�

[i − 1, i[ �H� v ~�}�}x~�|P�/~�zP�§}�� � �;}�~�y-�¿îP� v }�z�� ~�zX�¸��� v�� ~�|H���&� ¦ z�|B~�y w � u z={ � {k� v �/~���y-~�}�~�z u@��ª �/~��-~�{&} v ~�z w ���;�/� vx�¡� ���=��zP��}�~ w ~ � |H���-~�/~&� �-v {k~��Py�{�} v ~�z w�v z v�w�v ��}�~�� w"� �M��} � }���� u@��� ~��-~�{k~�� Bi | u y-� i ��}�}���z w �-~ 1
�
n �=Ê u � � ~�}�}�~ � ~�z w �={k~�}���� u zPz-~ ©

(D = n & N1 = k) =

(
D = n &

n∑

i=1

Bi = k

)

Â"Ã�Ä+Å�Æ/Ç&È=Ã5É { u z w ��� v �/~ � ~�z w�� }D� y=���;�¡~ ~�z¾|=� u¡ª � ª=v } vxw/� �&� u z���z u�w�� (X & Y ) }D� �&� ­�zP~ � ~�z w K X ~ w Y M¡�={�� ~�� w ê � êÎ� v ��~�}Ö� v z w ~&���\~�{ w�vxu z��-~
X ~ w Y � ½ ��z u�w � w�vxu z�� w �;z=�=�;���¾~�� w |=}�y wVU�w (X,Y ) �

Ú � �=��{ w�vxu z © ÊP���;z=Û u@v � t ��y � �;�¡~ u�w �9�¸�¡~+®¡®�Ý�®�Þ
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½ � �k� ­�z-~ � ~�z w D = n ~�� w �-~�|P� u¡ª � ª=v } vxw�� exp(−λ)λn/n! ~ w ~�� w � u zP{��-~�|P� u¡ª � ªHv } v�w�� z u zqzMyP}�}x~@� ¦ zß|B~�y w � u z={�|B�;��}x~&�*�-~|P� u�ª � ª=v } v�w�� { u zP� vxw�vxu zPzP~�}�}�~��/~�}�� w�v�� ~ � ~�z w�� {k~ w"�k� ­�z-~ � ~�z w ~ w"u z��
P(N1 = k | D = n) =

P(D = n & N1 = k)

P(D = n)
=

P (D = n &
∑n
i=1 Bi = k)

P(D = n)
= P

(
n∑

i=1

Bi = k | D = n

)
.

¹Ù~�z�� ~�� w |H���b~&Á�|=} v { vxw ~��H��zP��}D� � z u zP{ � � � � v ��}x~�� � �¸� v � ª }�~��»�;} � � w�u@v �/~�� (Bi)i∈N∗ ~ w }x~��Ù� vx� ~&��� w ~ � |=���-~��\~�� �-v {k~��&�M� u zP{�~�z�|H�;� w�v {�yP} v ~&�
D �=� u z w �/y-|=| u � � ~�� � y w yP~�}�}�~ � ~�z w�v zP� � |J~�zP�=��z w ~��&�P¨^}�~�z�� � ��yP} w ~

P

(
n∑

i=1

Bi = k | D = n

)
= P

(
n∑

i=1

Bi = k

)
.

¦ ��}��5� u@��� ~¿�-~ n � �;� v � ª }x~��"��} � � w/u@v �/~����P~XWÙ~���z u yP}�} v�v z=� � |B~�zP�=��z w ~����-~¿|B�;��� � ­ w �/~ p �/y vxw y=z-~�} u@vBªHv z u@�+v ��}�~ �-~¿|B�;��� � ­ w �/~�� n ~ w
p � v � ~@�P| u y-� k ~�z w�v ~&��z=� w y-�/~�} v z ��� � v ~�y-� � n � u z��

P(N1 = k | D = n) =

(
n
k

)
pk(1− p)n−k

~ w � v z u z P(N1 = k | D = n) = 0 �Â"Ã�Ä+Å�Æ/Ç&È=Ã É �-~ � ��z v ­&�/~�� � z � ����}x~¡� u z�|B~�y w�� {k� v �/~"��y-~"}�~"z u@��ª �/~"�P~"{&} v ~�z w ���;�/� vx� ��z w |B~�zP�H��z w }x~ w ~ � |=�b�P~"�\~�� �-v {k~"�=y�{&} v ~�z wÙv z v�w�v ��}~�� w }���� u@��� ~���} � � w�u@v �/~��-~�� D � �;� v � ª }x~��"��} � � w�u@v �/~�� Bi � i ��}�}���z w �-~ 1
�
D
©

N1 =
D∑

i=1

Bi .

f+g�hMikj;lnmBoàµ¸µ¸rDs=r�á t-v
A ~�� w yPz �k� ­�z-~ � ~�z w ~ w (Ωi)i∈N ~�� w yPz-~ � � ��v }�}�~���� �k� ­�z-~ � ~�z w ���-~ |P� u�ª � ª=v } v�w�� �"z u z�zMy=}�}x~���~ w���u � � ��z w yPz-~|H�;� w�vxw�vxu z��P~ Ω � u z��
A = ∪+∞

i=0 (A ∩ Ωi) ~ w P(A) =
+∞∑

i=0

P(A ∩ Ωi) =
+∞∑

i=0

P(A | Ωi)P(Ωi) .

½ � � � �+v }�}x~ (D = n)n∈N ~�� w yPzP~�|H�;� w�vxw�vxu zÀ�-~ Ω ��|=y v ���My-~ D ~�� w��*� ��}x~�yP��� ~�z w�v ­��/~��&����� �k� ­�z-~ � ~�z w ���-~�|=� u¡ª � ª=v } vxw/� ��z u zSzMyP}�}x~��� v z=� v ��y�� v }�� �kw�� �/~ � �;����y � ~�z�¨/¨���®��â�-� tMu@v�w k y=z¾~�z w�v ~&��z=� w y-�/~�}D� v } �Pv ~�z w

P(N1 = k) =
+∞∑

n=k

P(N1 = k | D = n)P(D = n) =
+∞∑

n=k

(
n
p

)
pk(1− p)n−k exp(−λ)

λn

n!

=

+∞∑

n=k

pk(1− p)n−k exp(−λ)
λn

k!(n− k)!
=

+∞∑

n=0

pk(1− p)n exp(−λ)
λn+k

k!n!

= exp(−λ)
(λp)k

k!

+∞∑

n=0

((1− p)λ)
n

n!
= exp(−λ)

(λp)k

k!
exp((1− p)λ)

= exp(−pλ)
(λp)k

k!

~ w � u z={ N1 ��y vxw yPz-~�} u@v �-~�� u@v �/� u z��-~�|H�;��� � ­ w �/~ λp ~ w � u z�~��\| � ����zP{k~ ~�� w"� �M��}x~ � � u z¾|B�;��� � ­ w �/~¡� v � ~¡� E(N1) = λp
©

E(N1) =

+∞∑

k=0

kP(N1 = k) =

+∞∑

k=0

exp(−pλ)
k(λp)k

k!
= exp(−pλ)

+∞∑

k=1

k(λp)k

k!

= exp(−pλ)λp

+∞∑

k=1

(λp)k−1

(k − 1)!
= λp exp(−pλ)

+∞∑

k=0

(λp)k

k!

= λp exp(−pλ) exp(pλ)

= λp .
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Â"Ã�Ä+Å�Æ/Ç&È=Ã�É ~�z����â��y w �/~�� w ~&� � ~��&� u z �Pv ~�z w �-~�� ����u z w �/~&�"��y-~¡�=� v �Py-����z w {�«=����y-~ v z w ~&� � ��}�}�~��-~ w ~ � |H��yPz v�w�� yPz�{&} v ~�z w �;�/� vx� ~�� � ~�{yPzP~�|P� u�ª � ª=v } v�w�� p ~ w � v�u z��/~�� u zPz-~�yPz-~��Py-� � ~���} � � w�u@v �/~���y vx� ��z w yPzP~�} u@v �-~�� u@v �/� u z��P~�|H�;��� � ­ w �/~ λ �B��} u ���"}�~�z u@��ª �/~ w�u;w ��}��-~{&} v ~�z w ���;�/� v�� ��z w |B~�zP�H�;z w {k~ w/w ~��=y-� � ~���} � � w�u@v �/~���y v�w y=z-~�} u@v �-~�� u@v �/� u z��-~�|H�;��� � ­ w �/~ λp �
f+g�hMikj;lnmBoqµ�µ;r�¤�r�³�rDs ½ � �k� ­�z-~ � ~�z w

Y�Å[Z]\�Ã�^<_ Å�`a`ÎÃcb�`ÎÃ�Å�Èed�È�fagchPÃI`ji2_ Å�gkh2lcm�Ã�Å�ÈLn�o�È:`1^<_ È:bL`cÃ�Äqp�ijZ�b�f
~�� w }��5� � yPz v�u z��P| u y-� k ~�z w�v ~��"z=� w y-��~�}Ö�=�P~�� �&� ­�zP~ � ~�z w �

Y�Å[Z]\�Ã�^<_ Å�`a`ÎÃcb�`cÃ�Å�Èed�È:frgchPÃI`ji2_ Å�gch2lcm�Ã�Å)m;Å)b�`-\�Ã�`ÎÃkÄsp�i
ku y¾~�zP{ u �/~

t Èu`cÃkÄsp�i
k v fr\wb6_ x*Å�p=Ã�Æ=iIo)b�bJÃ�Å�Èed�È:frgchPÃI`

{�� ~�� w ê � êÎ� v �/~ �My-~�{�� ~�� w }���� � yPz vxu z¾�P~�� �k� ­�z-~ � ~�z w � (Nk = 0) | u y-� k ~�z w�v ~&��z=� w y-�/~�}Ö�H¹ u@��� ~ (N0 = 1) �P{�� ~�� w �;y=�/� v }���� � yPz vxu z¾�P~���k� ­�z-~ � ~�z w � (Nk = 0) | u y-� k ~�z w�v ~&���/y-| � � v ~�yP� � ®¡�
f+g�hMikj;lnmBoçµ�µ;r�¤�r�³�r¥¤§t�u@v�w

k yPz�~�z w�v ~&��z=� w y-�/~�}D� t � v }�z�� ¬���|H���"�-~�{&} v ~�z w¿� }�� k y � �;�@y-~¡� v }�z�� ¬��5|B~���� u zPzP~ � �\~&� �Pv �"~ w � u z={ |H���"�-~w ~ � |=�»�-~¿�\~&� �Pv {&~¡���9�;��{ u zP� � �MyP~�z w |B~&��� u zPz-~¿z-~�|B~�y w �/~�|P� � �/~�z w ~&���PyP����z w }x~ w ~ � |=�Ù�P~¿�\~&� �Pv {&~¿�-~¿}�� k y � �;�¡yP~�~ w � v zP� v }x~ z u@��ª �/~�-~�{&} v ~�z w ���-~�}�� (k + 1) y � �¸�@yP~¿~�� w�� �M��}�~ � ~�z w zMyP}D�-¨^}J~�z¾� � �/yP} w ~ (Nk = 0) ⊂ (Nk+1 = 0) � � z*|B�¸� w�v {&yP} v ~��"}��5��y v�w ~ (Nk = 0)k∈N∗~�� w {k� u@v ������z w ~@�
f+g�hMikj;lnmBoõµ�µ¸r¥¤Jr�³�r�åòtMu@v�w

k yPz§~�z w�v ~&� z=� w y-�/~�}D�B|=y v �/��y-~ (Nk = 0) ⊂ (Nk+1 = 0) � u zí� P(Nk = 0) ≤ P(Nk+1 = 0) ~ w � u zP{5}����y v�w ~ (pk)k∈N ~�� w {k� u@v ������z w ~¡�B¹ u@��� ~¿~�}�}x~�~�� w�� �;¼ u � � ~ |B�¸��®¡�P~�}�}x~�{ u z � ~��/�¡~ � ~&���"yPz-~�} v���vxw ~ L � v z �¥� � v ~�y-�/~ u y � �M�;}�~ � ®¡���y v �/��y-~�}����/y vxw ~ (Nk = 0)k∈N ~�� w {k� u@v ������z w ~@� u z��
P (∪k∈N(Nk = 0)) = lim

k→+∞
P(Nk = 0) .

º�y w �/~ � ~�z w � vxw }��5|=� u¡ª � ª=v } vxw/� | u yP�"�My-~�}�� � }�~���� � w/w ~�z w ~��;y��@y v {�«-~ w �&�â��{�«-­ � ~���y ªBu y w ��� yPz w ~ � |=� � z v ~�� w"� �M��}�~ � L �Â"Ã�Ä+Å�Æ/Ç&È=Ã�É ���;|=|B~�} u z=��}���� ����u z=� w ��� w�vxu z��Py�� � ��yP} w � w y w�v } v � � � ¦ z��
∪k∈N(Nk = 0) = (N0 = 0) ∪ (∪k∈N(Nk+1 = 0 & Nk 6= 0))

~ w {k~ w/w ~��P~&��z v ­&�/~ � {k� v�w y-��~�~�� w y=z-~�� � yPz v�u z§� v �Ö¼ u@v z w ~¡�wz¿y=��zP� u zX��y=z-~�yPz vxu z§� v �Ö¼ u@v z w ~¡�B}���|P� u¡ª � ª=v } vxw�� �-~5}Ö� yPz vxu z�~�� w }��+� u@��� ~�-~���|P� u�ª � ª=v } v�w�� ��� � z¾|B�¸� w�v {&yP} v ~����=� v k ~�� w yPz�~�z w�v ~&�"z=� w y-��~�}
(Nk+1 = 0) = (Nk = 0) ∪ (Nk+1 = 0 & Nk 6= 0)

~ w � u z={ P(Nk+1 = 0) = P(Nk = 0) + P(Nk+1 = 0 & Nk 6= 0) ~ w
P(Nk+1 = 0 & Nk 6= 0) = P(Nk+1 = 0)−P(Nk = 0) .

¨^} �-v ~�z w

P (∪k∈N(Nk = 0)) = P(N0 = 0) +
+∞∑

k=0

P(Nk+1 = 0 & Nk 6= 0) = P(N0 = 0) +
+∞∑

k=0

(P(Nk+1 = 0)−P(Nk = 0)) .

¢ � u@£
P (∪k∈N(Nk = 0)) = lim

k→+∞
P(Nk = 0) .

f+g�hMikj;lnmBo µ¸µ¸r¥¤Jr�á|{9w y=� v ~&��yPzP~�|P� u¡ª � ªHv } v�w�� { u zP� vxw�v�u zPz-~�}�}�~ � ~�z w"� }Ö� �k� ­�z-~ � ~�z w N1 = 1 {�� ~�� w �\~¿|=}���{k~����=��zP��yPz*{����P�/~ u@£ N1 = 1~�� w yPz �k� ­�zP~ � ~�z w {&~&� w � v z�� t y-|=| u � u zP�¿� u zP{5��y-~�}Ö� u zí� vxw N1 = 1 � ¢ ��zP�¿{k~�{������ � }�� � zX�Py w ~ � |=�¿�-~��/~&� �-v {k~��Pyí{&} v ~�z w�v z v�w�v ��}Ö�
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� v � u zP� n ��}D� yPz v �My-~ {&} v ~�z w �P~¿}���|P�/~ ��v ­&�/~ � �;�¡yP~�~�� w �;y$�@y v {�«P~ w � t�v }Ö� u z$�/~�{ u@��� ~�zP{k~ � z�y ��� � u;w ~��»}x~ w ~ � |H��~ w }x~�� � �;�@y-~�� � |H�;� w�v ��-~�{k~ w�v zP� w �;z w n � u z�~�� w �=��z=��y=z-~�� v�w y=� w�vxu z v �-~�z w�v ��y-~¡� �¥u � � ~�}�}x~ � ~�z w � � }���� v�w y=� w�v�u z��-~�� � |H�;� w �t�u@v�w»� � v z w ~�z=��z w k yPz�~�z w�v ~&�Ùz=� w y-��~�}=z u z+z�yP}Ö� ½ ~���{ u zP� v � � ��� w�v�u zP�b|P� � { � �-~�z w ~����/~ w �����Py v �\~�z w |H�;�Ù}�~ � � v�w �MyP~�}�� (k+1) y � �;�@y-~| u y-��}x~�{&} v ~�z w�v z vxw�v ��}J~�� w }��}K k y � �¸�@yP~¿| u y-��}�~ �/~�yP}J{�} v ~�z w ��y v �;�/� vx� ~¿|B~�zP�=��z w }�~ w ~ � |=���P~ �\~&� �Pv {k~ �=y¾{&} v ~�z w�v z vxw�v ��}<M¡� ¢ u zP{¿� v �/~��y-~�}�� (k+ 1) y � �;�@y-~�~�� w��-v �-~��/~ �Pv ~�z w�� � v �/~��MyP~�}�� k y � �;�@y-~�| u y-�»}x~��P~�y�Á v ­ � ~�{&} v ~�z w ~�� w��-v �-~¡� ¦ �Ù}�~�{ u@� | u � w ~ � ~�z w �-~�� � �;�@y-~���;|P�/­���yPz�{&} v ~�z w zP~�� � |J~�zP��|H���"�-~�� u z v z=� w ��z w ��� �;�/� vx�@� ~ ~ w }D�â���/�\~�� w�vxu z¾~�z�� � { u yP}x~@�� u yP�"�/~�{ u z � � v zP{k�/~���y-~�}x~�{ u@� | u � w ~ � ~�z w �-~�� � �;�@y-~���~�� w"ª=v ~�z�{k~�}�y v ��y-~�}Ö� u z �-v ~�z w �-~�� v �/~¡� u z¾|J~�y w ��� v � u zPzP~&�"{ u@�+� ~��/y vxw �¹ u@��� ~�}x~�� � �¸� v � ª }�~�� Bi � u z w+v zP� � |B~�zP�H�;z w ~��+�-~�� w ~ � |=���P~��/~&� �Pv {k~��&�9}��í�/y vxw ~��-~ � �;� v � ª }�~�� (Bi)n≤i ~ w }��X��y vxw ~��-~ � �¸� v � ª }�~��
(Bi)i∈N∗

u z w }�� ��ë�� ~�} u@v � t�v�u zàz u�w ~ Dj }�~ w ~ � |=�+�-~§�\~&� �Pv {&~��Py j y {&} v ~�z w ���-~�� u � w ~��My-~ D0 = D �b|H�;� v z=� � |B~�zP�=��zP{&~�~ w� ��y v � v � w � vxª y w�vxu z���}�~�� ��y vxw ~�� (Di)i∈N∗ ~ w (Di)i∈N
u z w���ë�� ~�} u@v � t�v�u zXz u�w ~+� � ~�{��-~�� w�v }��-~�� w�u y w {k~���y v { u zP{k~���z-~�}��*� v�w y=� w�vxu z� |H�;� w�v �¿�-~5}D� yPz v �My-~�{�} v ~�z w �-~5}��+|P�/~ �+v ­&��~ � �¸�@yP~¡� u zí� B̃i = Bn+i � D̃i = Di+1 ~ w Ñi = Ni+1 ��¹Ù~�{ v ~�� w v }�}�yP� w � � |H�;�¿}x~5�¡���;|=«-~��y v�� ��z w

1

2 3 4 5

8 9 10 11 1213141576

0

N  = N  = 4
2 1

3N  = N  = 112
~

~

N  = 1
1

16
u@£ �P� u yP��{�«=���MyP~ {�} v ~�z w � u z���|H}���{ � }x~�z u¡��ª �/~��-~�{&} v ~�z w �"�;�/� vx�@� ���Py-����z w � u z w ~ � |=���-~ �/~&� �Pv {k~@�P{k~�z u@��ª �/~ �kw ��z w �;} � � w�u@v �/~@� ¦ z��� u z={

(Nk+1 = 0 & N1 = 1) = (N1 = 1 & Ñk = 0)

~ w�v } �-v ~�z w �P|Hy v ���MyP~ P(N1 = 1) z�� ~�� w |H���"zMy=}Ö�
P(Nk+1 = 0 | N1 = 1) =

P(Nk+1 = 0 & N1 = 1)

P(N1 = 1)
=

P(N1 = 1 & Ñk = 0)

P(N1 = 1)
.

�9�;� v zP� � |J~�zP�=��z={k~��-~ Ñk ~ w N1 � v }�~�z�� � ��yP} w ~
P(Nk+1 = 0 | N1 = 1) = P(Ñk = 0) = P(Nk = 0)

|=y v ���My-~ Ñk ~ w Nk u z w���ë�� ~�} u@v �t�u@v�w�� � v z w ~�z=��z w j y=z¾~�z w�v ~��"zH� w yP�/~�}�z u z�zMy=}Ö� ¦ z��/y-|=| u �\~��My-~�}��5|P�/~ ��v ­��/~ � �;�@y-~ Ë �Py�{&} v ~�z w�v z vxw�v ��}�Ì�{ u@� | u � w ~ j {�} v ~�z w ���=}��
(k+ 1) y � �;�@y-~�| u y-�»}x~¿{&} v ~�z w�v z vxw�v ��}H~�� w { u z=� w�v�w y � ~��-~¿}���� � yPz v�u z$�P~�� k y � �¸�@yP~��»�-~�{k~�� j {&} v ~�z w �Ù~�z${ u z � ~�zH��z w �P~�z u@��� ~&���@| u yP�
` ~�z w ��~�® ~ w j �~K k y � �;�@y-~��Py�{&} v ~�z w ` M*}�~��"{&} v ~�z w �"�P~ (k + 1) y � �¸�@yP~���y v � u z w � u yP��}�y v �H��zP��}�~��¡���;|=«-~ |P� � { � �P~�z w �
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N
k
1

1 2 3 4

Vagues 2 à k pour le client initial
Vagues 1 à k−1 pour les j clients suivants

~ N
k
2 N

k
3 N

k
4~~~ N k+1+ + + =

�9�;� v z=� � |B~�z=�=��zP{k~5�P~�� (Bi)i∈N∗ ~ w �-~�� (Di)i∈N �H{�«=��{&yPzP~��-~�� � �;�@y-~����-~���{�} v ~�z w ��® � j � u z w¿v zP� � |B~�zP�H��z w ~���~ w �H|H�;� � �My v � v � w � v êª y w�v�u z��P~�� (Bi)i∈N∗ ~ w�� ��y v � v � w � vxª y w�vxu z��-~�� (Di)i∈N �H}x~�� k y � �;�@y-~����-~��"{&} v ~�z w ��® � j u z w���ë�� ~�} u@v � æ�u�w/u z=� Ñ `
k }x~�z u@��ª �/~��-~{&} v ~�z w �¿�P~�}�� k y � �;�@y-~��Pyí{&} v ~�z w ` ����y w ��~ � ~�z w � vxw }�~�z u@��ª �/~��-~�{�} v ~�z w � �-~�}�� (k + 1) y � �;�@y-~���y v � u z w � u yP�¿}�~�{&} v ~�z w ` �=��z=�¿}x~�¡���;|=«P~ |P� � { � �-~�z w � ¦ z��

(Nk+1 = 0 & N1 = j) =

(
j∑

`=1

Ñ `
k = 0 & N1 = j

)

~ w � u z={��P|=y v �/��y-~ P(N1 = j) ~�� w z u z�z�yP}D�

P(Nk+1 = 0 | N1 = j) =
P
(∑j

`=1 Ñ
`
k = 0 & N1 = j

)

P(N1 = j)

~ w � u z={��P|H�;� v zP� � |B~�zP�H�;z={k~��-~�� (Ñ `
k)1≤`≤j ~ w �P~ N1 �

P(Nk+1 = 0 | N1 = j) = P

(
j∑

`=1

Ñ `
k = 0

)
= P

(
∪j`=1(Ñ `

k = 0)
)

u y¾~�zP{ u �/~¡�P|B�¸� v zP� � |B~�zP�H��zP{k~ � y w y-~�}�}x~��-~�� (Ñ `
k)1≤`≤j �

P(Nk+1 = 0 | N1 = j) =

j∏

`=1

P(Ñ `
k = 0) .

� z � z��P|=y v �/��y-~�}x~�� (Ñ `
k)1≤`≤j

u z w���ë�� ~�} u@v �MyP~ Nk � v } �-v ~�z w

P(Nk+1 = 0 | N1 = j) =

j∏

`=1

P(Nk = 0) = P(Nk = 0)j .
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Â"Ã�Ä+Å�Æ/Ç&È=Ã*É v }�~�� w | u ��� vxª }x~+��� � {k� v �/~+{k~�}�� ��u � � ~�}�}x~ � ~�z w � � � v ��{k~�}��*~�� w w �/­���} u yP���í~ w z��â�;|P| u � w ~�� v ~�z � }���{ u@� |P� � «-~�zP� v�u z���º v zP� v}�~ w ~ � |H���P~��\~�� �-v {k~��=y |P�/~ �+v ~&�+{&} v ~�z w ~�� w D = D0 �b{k~�}�y v �-~�}��X|P�/~ ��v ­��/~ � �;�@y-~�~�� w D1 + . . . + DN1 ��¹Ù~�}�y v �-~�}��í�\~�{ u zP�-~
DN1+1 + . . .+ DN1+N2

� ½ ~�z u@��ª �/~��-~5{&} v ~�z w ���-~�}���|P�/~ �+v ­&��~ � �;�@y-~�~�� w N1 = B1 + . . .+ BD0
�B{k~�}�y v �-~�}��+�\~�{ u zP�-~ � �;�@y-~�~�� w

N2 = BD0+1 + . . .+BD0+...+DN1
~ w |=}�yP��� � z � ����}�~ � ~�z w

Nk+1 =

D0+...+DN1+...+Nk∑

i=D0+...+DN1+...+Nk−1
+1

Bi =

∑N1+...+Nk
j=0 Dj∑

i=1+
∑N1+...+Nk−1
j=0 Dj

Bi

{k~ �My v { u �/�/~��\| u zP����y�Á*{&} v ~�z w �"�;�/� vx� ��z w �Py-���;z w }x~�� DNk−1+1 + . . .+DNk

v zP� w ��z w �»��y�� � �=y-� � }�� k y � �;�@y-~@� ¦ z �@u@v�w�v { v ��y-~ Ñk ~ w
N1 � u z w � u@��� ~����-~ � �¸� v � ª }�~�� Bi � v � w�v zP{ w ~���~ w {&~�{ v ���/�/yP�/~��My�� v }��"� u z w�v zP� � |B~�zP�H��z w ��}D� yPz��-~�}D�â��y w �/~¡� � w�v }�~�z � ���-~ ��ë�� ~¿| u yP�}�~�� Ñ `

k ~ w N1 �
f+g�hMikj;lnmBo µ¸µ¸r¥¤Jr�ìPrDsçtMu@vxw

k yPzù~�z w�v ~&��z=� w y-�/~�}�z u zçz�yP}Ö� � zùy w�v } v ����z w }�� �¥u � � y=}x~í�-~��*|P� u�ª � ª=v } v�w�� � w�u;w ��}�~��$~ w }�~ � � v�w �My-~í}�~���k�@� z-~ � ~�z w � (N1 = j)j∈N � u z w �P~ |P� u¡ª � ªHv } v�w�� z u z�zMyP}�}x~�~ w��¥u � � ~�z w yPz-~ |B�;� w�v�w�vxu z��-~�}Ö� ~��/|H��{k~ Ω � v } �-v ~�z w

pk+1 = P(Nk+1 = 0) =
+∞∑

j=0

P(Nk+1 = 0 | N1 = j)P(N1 = j)

��y v �/�MyP~¡�=���â�;|P��­���¨/¨���®¡� ª � N1 ��y v�w y=z-~�} u@v �-~�� u@v �/� u z��-~�|H�;��� � ­ w ��~ λp �P~�z�y w�v } v ����z w }�����y-~�� w�vxu z�|P� � { � �-~�z w ~ u z u¡ªPw�v ~�z w�©

pk+1 =
+∞∑

j=0

pjk exp(−λp) (λp)j

j!
= exp(−λp)

+∞∑

j=0

(λppk)j

j!
= exp(−λp) exp(λppk) .

� w � u zP{ pk+1 = exp(λp(pk − 1)) �
f+g�hMikj;lnmBoqµ¸µ¸r¥¤Jr�ìPr¥¤§¦ z���| u � � N0 = 1 ~ w�u z���� u zP{ p0 = P(N0 = 0) = 0 � ½ � ��u � � yP}x~�|P� � { � �-~�z w ~�~�� w � u z={ � ��}�� ª }x~�¬�{ u@� |P� v �} u ���/�MyP~ k ~�� w z�yP}D���9�;� { u zP� � �MyP~�z w }��¾�/y vxw ~ (pk)k∈N ~�� w }��*��y v�w ~�� � {&yP�/�/~�z w ~�� ��� z v ~�~�z§|=�/~ ��v ­&�/~�|H�;� w�v ~�| u y-� a � �M��} � λp �����;�{ u zP� � ��y-~�z w }�����y vxw ~ (pk)k∈N { u z � ~&�/�¡~ � ~&��� L(λp) �¢ �â�;|P��­�� ¨��âÜ*~ w ¨��âô���� v λp ≤ 1 � (pk)k∈N

w ~�zP� � ~&����®¡� v � ~¡��}D� �k�@� z-~ � ~�z w K¸}�� � }x~$���â� w/w ~�z w ~����â�;{�«-­ � ~�~�zÀyPz w ~ � |H� � z v MX~�� w �-~|P� u�ª � ª=v } v�w�� ® u y¾~�z={ u �/~eK¸|P�/~����My-~��VTP�/~ � ~�z w�v }�~kÁ v � w ~�y=z v zP� w ��z w�Ë ��} � � w/u@v �/~¸Ì u@£�v }�z�� ¬��5|=}�y=��|B~&��� u z=z-~���y��¡y v {�«-~ w M¡��9�;��{ u z w �/~¡�����â�;|P�/­���¨�� ÷=�F� v λp > 1 ��{k~�}��§z�� ~�� w |=}�yP� � ��� v�© }Ö� �k�@� z-~ � ~�z w K¸}�� � }x~����â� w/w ~�z w ~¾���â��{�«-­ � ~¾~�z yPz w ~ � |=� � z v MS~�� w�-~*|=� u¡ª � ª=v } v�w�� L(λp)
u yS~�zP{ u �/~¾}D� �&� ­�zP~ � ~�z w K¸}�� � }�~¾z-~¾���â�¸��� ëkw ~$|H����~ w � u zP{ v }b¬ � w�u y;¼ u y-�����=y ��u zP�P~¾��yò�@y v {�«-~ w MS~�� w �-~|P� u�ª � ª=v } v�w�� � w � v { w ~ � ~�z w | u � vxw�vx� ~ � �M��}�~ � 1− L(λp) �

f+g�hMikj;lnmBoçµ¸µ¸r¥¤Jr�·à¦ z w � u y � ~�{ v êÎ�-~���� u yP��}�~ w � ª }�~���y�{k� u@v ����z w }�~���� vx� ~����\~�� � ��}�~�y-�����-~ p Ë ~�z�} v �@z-~;Ì»~ w {k~�}�}x~����-~ λ Ë ~�z�{ u } u z=z-~¸Ì»~ w� u z=z=��z w }�� � ��}x~�yP�"�-~ L(λp) � v � ~¡�=}�� � ��}x~�yP�"�-~�}��5|P� u�ª � ª=v } v�w�� �My-~�}�� � }x~����â� w/w ~�z w ~���y¾�@y v {�«P~ w ���â��{�«-­ � ~���y ªBu y w ��� yPz w ~ � |=� � z v �
p\λ 1 2 4 8
0.5 1 1 ' 0.20 ' 0.01
0.25 1 1 1 ' 0.20

½ ~�� � ��}x~�y-����|P� � { � � � ~��"�Py��\¬ ��ªBu }x~ ' � u z w �P~�� � ��}�~�y-�����;|P|P� u {�« � ~�� � 10−2 �-~ L(λp) �
f+g�hMikj;lnmBoàµ¸µ¸r�å�r�³JrDs�t�v }Ö� �k�@� z-~ � ~�z w (Nk = 0) ~�� w � � ��} v � � � v }�z�� ¬����;y={&yPz�{�} v ~�z w�� �\~&� �Pv ��~ w }�~ w ~ � |H���P~��\~&� �Pv {&~����/� u { v�� ~�� w � u zP{z�yP} © }���} u@v �-~�}����PyP� � ~��-~��/~&� �-v {k~�~�� w {&~�}�}�~��-~�}�� � �;� v � ª }x~���} � � w�u@v �/~�{k~�� w � v z-~ � �M��}x~ � 0 �t�u@v�w

i y=z�~�z w�v ~&�ÙzH� w yP�/~�}=z u z+zMyP}D� t�v }Ö� �k�@� z-~ � ~�z w (Nk = i) ~�� w � � ��} v � � �M{k~�}���� v �@z v�� ~���y�� v }P¬$� i {&} v ~�z w � � �\~&� �Pv ���@� u z w }x~�� w ~ � |H��-~��\~�� �-v {k~�� u z w �-~�� � �;� v � ª }�~�����} � � w�u¡v �/~�� v z=� � |B~�z=�=��z w ~����-~�} u@v �-~�� u@v ��� u z��-~�|H�;��� � ­ w �/~ λ © }����Py-� � ~��P~��/~&� �Pv {k~��-~�{k~�� i {&} v ~�z w �~�� w � u zP{�}���� u@�+� ~��-~ i � �;� v � ª }�~�����} � � w�u@v �/~�� v zP� � |B~�zP�H�;z w ~����-~�} u@v �-~�� u@v ��� u z��-~�|H�;��� � ­ w �/~ λ �=~�}�}x~���y vxw yPzP~�} u@v �-~�� u@v ��� u z��-~|H�;��� � ­ w �/~ iλ �
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Â"Ã�Ä+Å�Æ/Ç&È=Ã�É ~�z�~IHB~ w �HyPz-~ � �;� v � ª }x~5��} � � w�u@v �/~ T �=� u¡�+� ~��-~��-~�y�Á � �;� v � ª }�~�����} � � w�u@v �/~�� v zP� � |B~�z=�=��z w ~�� U1 ~ w U2 �H�/y vx� �;z w {�«=��{�yPz-~yPzP~ } u@v �-~ � u@v �/� u z¾�P~¿|H�;��� � ­ w ��~�� λ1 ~ w λ2 �P�/y v�w yPz-~�} u@v �P~ � u@v ��� u z¾�-~ |H�;��� � ­ w �/~ λ1 + λ2 ��|=y v ���My-~@�-� v n ~�� w yPz*~�z w�v ~���z=� w y-�/~�}D�
P(T = n) =

∞∑

k=0

P(T = n & U1 = k) =
∞∑

k=0

P(U2 = n− k & U1 = k)

=

∞∑

k=0

P(U2 = n− k)P(U1 = k) =

n∑

k=0

P(U2 = n− k)P(U1 = k)

=

n∑

k=0

exp(−λ1)
λk1
k!

exp(−λ2)
λn−k2

(n− k)!

= exp(−(λ1 + λ2))
n∑

k=0

λk1λ
n−k
2

k!(n− k)!

= exp(−(λ1 + λ2))
1

n!

n∑

k=0

(
n
k

)
λk1λ

n−k
2

= exp(−(λ1 + λ2))
(λ1 + λ2)n

n!
.

�9�;��{ u zP� � �MyP~�z w }���� u@�+� ~��P~ i � �;� v � ª }x~�����} � ��} u@v �/~�� v zP� � |B~�zP�H��z w ~����/y v�� ��z w yPz-~ } u@v �-~¿� u@v �/� u z*�P~�|H�;��� � ­ w �/~��Ù�/~��\|J~�{ w�v�� � λ1 � . . . �
λi ~�� w yPzP~ � �;� v � ª }x~���} � � w�u@v �/~���y v�� ��z w yPz-~�} u@v �P~�� u@v ��� u z��P~ |B�;��� � ­ w �/~ λ1 + . . .+ λi �
f+g�hMikj;lnmBoÀµ¸µ¸r�å�r�³�r�¤*t�v }D� �&�¡� zP~ � ~�z w (Nk = 0) ~�� w � � ��} v � � � u z+� � y�~�z�¨/¨���Ü�� �-��Ü��My-~"}D� �k� ­�z-~ � ~�z w (Nk+1 = 0) ~�� wb� �M��}x~ � ~�z w � � ��} v � � �t�u@v�w

i y=z�~�z w�v ~&�¿z=� w y-�/~�}�z u z§zMyP}D� t-v }D� �&�¡� z-~ � ~�z w (Nk = i) ~�� w � � ��} v � � �J���â�;|P�/­���{k~5��y v |P� � {k­��-~�}��+�=y-� � ~5�P~��/~&� �Pv {k~��-~5{k~�� i{&} v ~�z w � �/y v�w y=z-~�} u@v �-~�� u@v ��� u zX�P~5|B�;��� � ­ w �/~ iλ � ¢ �â�;|P�/­���¨/¨���®¡� ª � Nk+1 ��y vxw � u zP{¡��{ u zP� vxw�vxu zPzP~�}�}�~ � ~�z w�� }Ö� �k�@� zP~ � ~�z w Nk = i �yPzP~�} u@v �-~�� u@v �/� u z��-~�|H�;��� � ­ w �/~ iλp �¦ z�~�z�� � �Py vxw�v������ � v � w ~ � ~�z w
E(Nk+1 | Nk = i) = iλp .Â"Ã�Ä+Å�Æ/Ç&È=Ã�É u z�|B~�y w �������\~ ��ª }�~&�"}�~��"�-~�y�Á¾� � �/yP} w � w ��|=� � {k~��P~�z w �"~�z�yPz��/~�yP}D�B¹ u zP� v�w�v�u z=z-~�}�}x~ � ~�z w � }Ö� �k�@� zP~ � ~�z w (Nk = i) � Nk+1��y v�w y=z-~�} u@v �-~�� u@v �/� u z��-~�|H�;��� � ­ w ��~ iλp �Â"Ã�Ä+Å�Æ/Ç&È=Ã�É u z$|B~�y w � ����u z w �/~&��}x~¿� � �/y=} w � w �P~ � ��Û u z$|=}�yP��� �kw � v }�} � ~@� v � ~¡�-����zP� � � v �/~��;|P|B~�} � ¨/¨���®¡� ª � æ�u�w�u z=� Tk }����Py-� � ~¿�-~¿�/~&� �-v {k~�-~���{&} v ~�z w ���P~�}�� k y � �¸�@yP~¡�B¹ u zP� vxw�vxu zPz-~�}�}�~ � ~�z w�� Tk = n �P}�~�z u¡��ª �/~��-~�{&} v ~�z w ���P~�}�� (k + 1) y � �;�@y-~���y vxw y=z-~�} u@v�ª=v z u¡�+v ��}�~��-~|H�;��� � ­ w �/~�� n ~ w p �={&~�{ v z-~�� � |B~�zP�H��z w |H���"�P~����;�/� vx�@� ~��"|P� � { � �-~�z w ~��&� � z�y w�v } v ����z w }�� ��u � � yP}�~��-~��"|P� u¡ª � ª=v } vxw�� � w/u�w ��}�~��&� v } �-v ~�z w �| u y-� i ~�z w�v ~&��z=� w y-�/~�}�z u z�zMyP}D�

P(Nk+1 = j | Nk = i) =
+∞∑

n=0

P(Nk+1 = j & Tk = n | Nk = i)

=
+∞∑

n=0

P(Nk+1 = j | (Tk = n & Nk = i))P(Tk = n | Nk = i)

=
+∞∑

n=j

exp(−iλ)
(iλ)n

n!

(
n
j

)
pj(1− p)n−j

= exp(−iλ)pj(iλ)j
1

j!

+∞∑

n=j

(iλp)n−j

(n− j)!

= exp(−iλ+ iλ(1− p)) (iλp)j

j!

= exp(−iλp) (iλp)j

j!
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f+g�hMikj;lnmBo µ�µ;r�å�r�á�rDs$¦ z*�/y-|=| u �\~¿�My-~¿}Ö� ~��/| � ����zP{&~ E(Nk) ~kÁ v � w ~¡��{�� ~�� w ê � êÎ� v �/~��MyP~¿}���� � � v ~��P~ w ~&� � ~�� � z � ����} (iP(Nk = i))i∈N ~�� w{ u z � ~&����~�z w ~�~ w �My�� u z��
E(Nk) =

∞∑

i=0

iP(Nk = i) .

¢ �â�;|P��­���¨/¨��âô-�â����Ü�� u z��
i =

1

λp
E(Nk+1 | Nk = i)

~ w � u z={
E(Nk) =

1

λp

∞∑

i=0

P(Nk = i)E(Nk+1 | Nk = i) .

f+g�hMikj;lnmBoßµ�µ;r�å�r�á�r¥¤�t�v
X ~ w Y � � � v �@z-~�z w �-~�y-Á � �¸� v � ª }�~�����} � � w/u@v �/~�� ��� ��}x~�y-���»�H��zP� N ��| u yP� i ~ w j ~�z w�v ~&����z=� w y-�/~�}��&� u z¾�/yP|P| u �\~��y-~ (X = i) ~�� w yPz �&� ­�zP~ � ~�z w �-~�|P� u�ª � ª=v } v�w�� z u z�zMy=}�}�~�~ w�u z�z u�w ~ vij = jP(Y = j|X = i)P(X = i) � ¦ z���~&|P�/~�z=��}x~���z u�w � w�vxu zP��-~���|P� � } v���v z=� v �/~�� Ai ~ w Bj �� u yP� j ~�z w�v ~&��z=� w y-�/~�}D�=���â�;|P�/­���}�� ��u � � yP}�~��-~���|P� u¡ª � ªHv } v�w�� � w�u�w ��}x~���� u z��

Bj =

+∞∑

i=0

vij = jP(Y = j) .

º�y w �/~ � ~�z w � v�w }�~���� � � v ~���� ��� z v �/����z w }�~���z u@��ª �/~�� (Bj)j∈N � u z w { u z � ~&����~�z w ~���~ w }��5� � � v ~ �P~ w ~&� � ~¿� � z � ����} (Bj)j∈N { u z � ~&�/�¡~�� v~ w �/~�yP}�~ � ~�z w � v Y ��yPzP~ ~��\| � ����z={k~¡�� u yP� i ~�z w�v ~��"z=� w y-�/~�}Ö�P|H�;��� �&� z v�w�vxu z��
Ai =

+∞∑

j=0

vij = P(X = i)E(Y | X = i) .

º�y w �/~ � ~�z w � vxw }�~��+� � � v ~��+� �&� z v �/���;z w }x~��$z u@��ª �/~�� (Ai)i∈N � u z w { u z � ~��/�¡~�z w ~��$� v ~ w �\~�yP}�~ � ~�z w � v Y | u ���\­��P~��-~��+~��\| � ����zP{k~��{ u zP� v�w�v�u z=z-~�}�}x~ � ~�z w ��y�Á �k� ­�z-~ � ~�z w � (X = i)i∈N ��9�;��{ u z=� � ��y-~�z w ����� �;|=�/­����F��Ü���� v Y ��yPz-~�~��\| � ���;z={k~ u y ªHv ~�zS� v ��� y=z-~�|B�¸� w Y | u �/�/­��-~+�-~�� ~��/| � ����zP{&~���{ u zP� vxw�vxu zPzP~�}�}�~ � ~�z w��y�Á �k� ­�z-~ � ~�z w � (X = i)i∈N ~ w ���â��y w �/~5|H�;� w }��*� � � v ~ ∑+∞
i=0 E(Y |X = i)P(X = i) ~�� w { u z � ~&�/�¡~�z w ~¡����} u ���¿}x~�� �-~�y�Á§|P� u |P� v��kw�� �� u z w��¡� � vx�=� ~��"� v�� y=} w ��z ��� ~�z w ~ w"u z��

E(Y ) =
+∞∑

i=0

E(Y |X = i)P(X = i) .

º�y w �/~ � ~�z w � vxw � v }Ö� yPz��-~����P~�y�Á�{ U�w�� ���5y=z��/~�zP���P}D�â��y w �/~���yP��� v ~ w }D� � �@��} v�w�� ~�� w��@� � v��P� ~¡�
f+g�hMikj;lnmBoqµ�µ;r�å�r�á�r�å§t�u@v�w

i y=z¾~�z w�v ~&��z=� w y-�/~�}D�P}D� ~��\| � ����zP{k~�{ u z=� v�w�v�u zPz-~�}�}x~ E(Nk+1 | Nk = i) ~&Á v � w ~ ~ w�� ��y w iλp ���â�;|P�/­���¨\¨��âô-�â�-�âÜ��¢ ~�|=}�yP�&�P|=y v ���My-~ Nk ��y=z-~�~��\| � ����zP{k~¡�=}���� � � v ~ ∑+∞
i=0 iP(Nk = i) { u z � ~��/�¡~ ~ w ����� u@��� ~¿~�� w E(Nk) �P�9�;�"{ u z=� � ��y-~�z w }���� � � v ~

+∞∑

i=0

E(Nk+1 | Nk = i)P(Nk = i)

{ u z � ~&����~�~ w ����� u@��� ~¿~�� w λpE(Nk) � ¢ � �;|=�/­���¨/¨��âô-� ª �âÜ Nk+1 ��� u z={ y=z-~ ~��/| � ����zP{&~ ~ w"u z��
E(Nk+1) = λpE(Nk) .

f+g�hMikj;lnmBoÿµ�µ;r�å�r�ì � u yP� i ~�z w�v ~���z=� w y-��~�}Ö��� u¡vxw (Hi) }��¾|P� u |P� v��kw�� K Ni ��yPzP~�~��/| � ����zP{&~�~ w E(Ni) = (λp)i M¡���by v �/��y-~ N0 ~�� w }��� �;� v � ª }x~¿��} � � w�u@v ��~"|P�/~��/�MyP~���T-�/~ � ~�z wÙ� �M��}x~ � ®¡�¡~�}�}�~¿��� � ~ w yPz-~�~��/| � ����zP{&~"~ wÙu z$� E(N0) = 1 � ½ � |P� u |=� vx�&w/� (H0) ~�� w � u zP{ � ��� v ~¡�½ ����y-~�� w�v�u z�¨\¨��âô-� ª �âô ��u z w �/~���y-~ (Hi) ~�� w y=z-~ |=� u |P� v��kw�� « � � � � vxw � v �/~¡�
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½ ~ |=� v zP{ v |B~��-~�� � {&yP�/�/~�zP{&~ |B~&� � ~ w ���â�;Ø�� � ~&�"� u z={ �MyP~ | u yP� w�u y w i �=��zP� N � Ni ��yPz-~�~��/| � ����zP{&~ ~ w ��y�� u z��
∀i ∈ N E(Ni) = (λp)i .

f+g�hMikj;lnmBoßµ¸µ¸r�å�r�· tMu@vxw
n yPz¾~�z w�v ~&��z=� w y-��~�}Jz u z�zMyP}D� ½ ~ z u@��ª �/~ �-~�{&} v ~�z w ����y v �\~¿|=� � �\~�z w ~�z w ��y*�@y v {�«P~ w �Py¾{�} v ~�z w�v z vxw�v ��} v zP{&}�yP�¼^y=�/��y�� � {&~�y�Á+�-~�}�� n y � �;�@y-~ v z={&}�y=�\~�~�� wÙ� �M��} � }���� u@��� ~ ∑n

k=0Nk � ½ � ~��\| � ����z={k~��-~�{&~�z u@��ª �/~��-~�{&} v ~�z w ��~�� w � u zP{��@|H�;�Ù} v z � �;� v�w���-~�}D� ~��\| � ����z={k~ ∑n
k=0(λp)k �½ � ~��\| � ����zP{k~ �/~�{�«-~&��{�« � ~�~�� w � u zP{ n+ 1 �=� v λp = 1 �-~ w 1−(λp)n+1

1−λp � v z u z��
f+g�hMikj;lnmBo µ¸µ¸r�å�r�h ½ u �����My-~ λp < 1 �-}Ö� ~��/| � ����zP{k~ �Py*z u¡��ª �/~¿�P~¿{&} v ~�z w � w�u�w ��}H~�� w�� z v ~ w»� �;y w 1/(1− λp) �P¹Ù~�{ v ~�z w ����ú¥z-~ �MyP~¿}�� � }x~���â� w/w ~�z w ~���y=z-~�|P� u¡ª � ª=v } vxw�� ®��P~���� �;�/� ëkw ~&��~�z�y=z w ~ � |H� � z v �B¹�� ~�� w�ªHv ~�z�{k~��My�� u z�� u�ªPw ~�zMy�~�z�¨\¨���Ü�� {���Ü��æ y ��� � v �My-~ � ~�z w �P� v (λ, p) = (1, 0.5)

u y�� v (λ, p) = (2, 0.25) �P}D� ~��\| � ����z={k~��=y�z u¡��ª �/~��-~�{&} v ~�z w ��~�� w 2 ~ w � v (λ, p) = (1, 0.25) �{k~ w\w ~�~��\| � ����zP{k~ ~�� w 4/3 �P¨^}J¬���� u zP{ w ��­���|P� u¡ª � ª }x~ � ~�z w |B~�y��P~�{&} v ~�z w � © }�~�� � }�~��"���â� w/w ~�z w ~��\~�� � � u � ª ~�z w�w �/­�� �-v�w ~@�Â"Ã�Ä+Å�Æ/Ç&È=Ã�ÉM½ u ���/��y-~ λp > 1 �M}x~�z u@��ª �/~ ��u ¬¡~�z+�-~�{&} v ~�z w �Ù�/y-�»}Ö� ~�zP�/~ ��ª }x~��-~�� � �;�@y-~���~�� w»v z � z v �M{&~���y v ~�� wÙ�k�-v �-~�z w |Hy v ���My-~�}�� � }�~���â� w/w ~�z w ~��$yPz-~5|P� u¡ª � ª=v } vxw�� � w � v { w ~ � ~�z w | u � v�w�vx� ~��-~5zP~�|H�����&�â�;�/� ë&w ~���~�zXyPz w ~ � |=� � z v �J�9�¸�¿{ u z w �/~�| u y-�¿}�~5{�����} v���vxw ~ λp = 1 �}�~ z u@��ª �/~ ��u ¬@~�z��-~�{&} v ~�z w �"�-~ }D� ~�zP�/~ ��ª }x~��-~�� � �;�@y-~���~�� w"v z � z v�ª=v ~�z��My-~�}�� � }�~����â� w/w ~�z w ~�� vxw yPz-~ |P� u�ª � ª=v } v�w�� ®��-~��&�â�;�/� ëkw ~&��~�zyPz w ~ � |=� � z v �
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