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1 Codes de Goppa et borne de Drinfled-Vladut

1.1 On considére un triplet (X, D, G) formé d’une courbe projective lisse X sur
F,, D un diviseur de la forme D = """ | P, ou les P; sont des points de X (Fy)
tous distincts et G' est un diviseur F,-rationnel de support disjoint de celui de
D. On note g le genre de X et a le degré de G.

On suppose 29 —2 < a <n+g—1et on pose C = H(X,QL(D - G)). On
a une application injective (du fait que H°(X,QL(-G)) = 0)

resD:CHF;’

qui & tout w associe ses résidus en (P,...,P,). On a défini ainsi un code, i.e.
un sous-espace vectoriel de Fy. Le poids de w (le nombre de ses coordonnées
non nulles) est 'ordre du diviseur de ses poles. C’est donc au moins d = a —
(29 — 2). La dimension k de C' est donnée par le théoréme de Riemann-Roch :
k=n+g—1—a. En particulier ¥ +d = n(1 — g/n+ 1/n). Asymptotiquement
le taux de transmission (k/n) et le poids relatif (d/n) sont donc gouvernés par
la quantité n/g. Plus n/g est grand, plus le code ainsi construit est intéressant.
1.2 On note A(q) = limsupn/g. Drinfeld et VI&dut ont montré, en rafinant les
travaux de Ihara, que A(q) < /g — 1 (’hypothése de Riemann ne fournit que
la majoration A(q) < 2,/q). En effet, notons N(X,r) le nombre de points de X
sur Fyr, \/qo; les valeurs propres de l'opérateur de Frobenius agissant sur la
jacobienne de X. On a, pour ¢ et v dans N,
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2 EXTENSION DES RESULTATS DE SERRE

et donc

t . ) . ; ; t ;
N(X i/2 —3/2 i/2 —3/2

S (175 Wl <y (1- ) S sy T

= t+ g’/ =g = t+ g = g

En particulier, pour ¢ = o(log(g)), le membre de droite est équivalent a 1.

Notons B(X,m) le nombre des points de degré m de sorte que N(X,r) =
2mpr mB(X,m). On a

u N(X j) B u mB(X,m) 1 _q—’m[u/m]/2
Z qj/QQ - Z qm/2_1 g

j=1 m=1

et en particulier, si 1 = o(u),

N(X7 1) ~ N(X7 1)(1 — q—u/Q) < i N(X7j)
- — j/2g ’

9(va-1)  g(a-1) = ¢
Or, si u = o(t),
u . t
ZN(X,J) o\ < o >N(X’J) <Z( ] )N(XJ) N
2, = 2, = /2
= q]/ g = t+1 q]/ g o t+1 q]/ g
et il vient

Cette borne est optimale lorsque ¢ est un carré, comme ’ont montré Thara
ainsi que Tsfasman-V1adut-Zink en comptant les courbes supersinguliéres dans
Xo(¢) pour ¢ tendant vers 'infini. Pour ¢ non carré, cette question est encore
ouverte (en particulier pour ¢ = 2).

2 Extension des résultats de Serre

2.1 Serre a retrouvé ce résultat en prouvant a priori que les valeurs propres de
Popérateur de Hecke normalisé T}, = p'/2T, opérant dans I'espace des formes mo-
dulaires paraboliques de poids 2k pour I'o(N) sont asymptotiquement (lorsque
N + 2k tend vers l'infini) équiréparties selon la restriction de la mesure de Plan-
cherel sur le dual de PGL2(Q,) & ’ensemble des séries principales non ramifiées.
Le résultat s’en déduit alors pour ¢ = p? en faisant tendre N vers l'infini.

2.2 On peut généraliser cette approche en travaillant dans un cadre général et
montrer que les opérateurs de Hecke contribuent asymptotiquement & la partie
géométrique de la formule des traces seulement par des intégrales orbitales sur
des éléments centraux. Cette remarque est appliquée pour calculer la caracté-
ristique d’Euler-Poincaré de variétés de Shimura, grace aux travaux d’Arthur,
et leur nombre de points, en utilisant une formule conjecturale due & Kottwitz
et qui est un théoréme pour les courbes.

2.3 Soit E un corps totalement réel inclus dans C, de degré m sur Q, p un
nombre premier inerte dans E et L une algébre de quaternion sur E; déployé en
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2 EXTENSION DES RESULTATS DE SERRE

v = p et en une unique place réelle. Soit G le groupe G = Resg/qGL1(L); on
considére
X(G. Kao) = G(F)\G(A) /Ko

ou K, est un sous-groupe d’indice fini de K A , out A _ est la composante
connexe de I'identité dans Ag(R) et K un compact maximal fixé de Guo. Ici
KOOA%M ~ GO(2,R) x GL(1,H)™ 1,

Si K est un sous-groupe compact ouvert de Gy, on écrit X(G, KK) pour
X(G,Kw)/K.

Soit Sh(G) la variété de Shimura définie par une paire (G,X) ou X est une
classe de Guo-conjugaison de morphismes de Resc/r G dans G. Soit Ko le
centralisateur de X, de sorte que Sh(G)(C) = X(G, K ). Il y a une structure na-
turelle Sh(G,K) de varieté quasi-projective non connexe sur C sur X(G, Ko K).
Dans le cadre étudi¢, on a Koo ~ GO™(2,R) x GL(1, H)™ ! et donc [K_ A _ :
Koo] = 2.

On note (G, K) la caractéristique d’Euler-Poincaré pour la cohomologie L?
de Sh(G,K), gk son genre, N(G,K,F,) et N(G,K,F,) les nombres de points
sur Fy avec ¢ = p™" de Sh(G, K) et de sa complétion respectivement.

2.4 H. Reimann a démontré [Rei97, Proposition 10.9] que le nombre de points
de Sh(G,K) sur F, pour ¢ = p™" est donné par la trace d’une fonction f dans
C°(L(A)/Es) opérant sur 'espace des formes automorphes sur L(Q)Ex \L(A).
Notamment

fo=tro—@" =1 > trksk,

0<k<r/2

ot 1; 1, est la fonction caractéristique de la double classe de (

GLy(0O,) dans GLy(E,).

Heuristiquement une famille évanescente de sous-groupes compacts de G’;
est une famille pour laquelle les seuls termes intervenant asymptotiquement
dans les formules de traces calculant la caractéristique d’Euler-Poincaré et le
nombre de points sur F, sont ceux correspondant & des éléments rationnels.
Plus précisément : pour tout compact C de G, il existe un sous-ensemble fini
Zi,c de Zg(F), tel que, pour tout x dans Zg(F), elliptique dans G,

0
0 P )modulo

I1{1211C lkxc(@) =1z, o (@) -

Théoréme 1 Sir est pair et Z;Qpr/zgp n’est pas vide, alors

N(GaKan) 1 _pm

Kek  y(G,K) 2

Sinon la limite est nulle.

Démonstration : On a

NGKF,) . vol(K)N(G,K,F,)

Kek  y(G,K)  Kex vol(K)x(G,K)

et chacun des termes ont des limites données par des formules de traces pour
des fonctions différant aux places p et co.
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Le numérateur est un multiple de —(p™ — 1) Card(Zx ,r/2k ) ou 0, tandis
’ =p
que le dénominateur est le méme multiple de 2x(G) Card(Zkk,) (avec 2 =
KmA&m5KwD
Comme Z;C,Kp contient au moins 1 et que Zy 2 est soit vide, soit un
K /2K,
translate de Zx k , le résultat en découle. U]

Corollaire 1 Sir =2, Zk pk, nest pas vide et, pour tout K dans K, Sh(G,K)
est conneze, alors
N(G,K,F
lim N(G.K o)
KeKk gK

= Vi-1.

Ezemple — Les conditions sont vérifiées dans le cas traité par Serre.

3 Asymptotique des variétés de Shimura

3.1 On peut énoncer les résultats précédents dans un cadre plus général. Soit G
un groupe algébrique, connexe, réductif sur F = Q. On suppose que G contient
un tore maximal défini sur R, anisotrope modulo Ag (le tore déployé maximal
de Zg), que Gger est simplement connexe et que le tore R-déployé maximal de
Z¢ est déployé sur Q.

Fix K =[], K, a maximal compact subgroup of G(A), hyperspecial in any
finite place where G is unramified, and p, the Haar mesure on G, = G(F,)
which gives mass 1 to K. Let Ho, be the set of smooth, compactly supported,
K -finite functions on G, = G(F ® R) and H the set of smooth, compactly
supported functions on Gy = G(Ay).

We write G, for the centralizer of v in G. For h in H/, define the orbital

integral
Osf (h) = / h(z™'yx)dx
Gy (AP\G(Af)

for an arbitrary fixed measure on the orbit. And for MN a rational Levi de-
composition of a rational parabolic subgroup of G, let hy be defined on My

by
hy(x) :/ / / h(k~'m~ emnk)dm.dn.dk .
K; /Ny I Mg, p\My

3.2 Let K be compact open subgroup of Gy and write h for its normalized
characteristic function. By [Art89, Theorem 6.1] (but see also [GKM97, 7.19]),
the Lefschetz number xv(X(G,K)) is a finite linear combination of terms of the
form hpi(7y) for M and -y in finite sets (depending only on the support of h).

. WM
> (e Sl S )M )] (. V) f(0)
MeL(G) 01 ye(m(Q))

ol la somme en v est une somme sur I’ensemble des M (Q)-classes de conjugaison
d’éléments semi-simples dans M (Q) (d’aprés [Art89 Theorem 5.1] ).

3.3 Now fix a prime p and a place v of E unramified over p. We suppose that
G is unramified over p, that the weight of Sh(G) is defined over Q and that
Sh(G)/K,, has a canonical integral model relative to v in the sense of [Mil92,
Definition 2.9]. If F, is a finite field containing the residual field of E, and K
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4 FAMILLES EVANESCENTES DE COMPACTS

is an open compact subgroup of G*°, Sh(G,K K) can be regarded as being
defined over F, and we can compute N(G,K, ¢), its number of points of over
F,, thanks to [Kot88, formula 3.1], at least when K is small enough and when
[Mil92, Main conjecture 4.4] is true :

vol (I I A 00

NGKa) = 3 clon) 2t @B 00170400,

(7037.96)
the sum being over effective Frobenius triplets (vo;7,d), where L, 5 is a certain
inner form of G, ¢4 is the characteristic function of a certain double class Y,
in the group of points of G over the fraction field of the ring of Witt vectors
over F; and where T'Os stands for the twisted orbital integral over the orbit of
§. (We refer to [Mil92] for details.)

4 Familles évanescentes de compacts

4.1 For a countable family I, we define limits for K in K as taken along the
filter of complements of finite sets.

Définition 1 A countable family KC of compact sets in Gy is called vanishing if
1. The set UxecK is relatively compact.
2. There exists a finite subset Zx of Zg(F), such that, for any x in Zg(F),

elliptic in G,

Il(lgllC 1K(IL‘) = 12,C (I’) .

3. For all rational non-central element v in G,
. G
lim 057 (1x) = 0.
Jlim 057 (1k)

4. For all (M, ~) with M a proper Levi subgroup of G and 7 a rational element
m M

Jlim (1x)y (v) =0

We will say that the family is locally vanishing if we can substitute to 3. the
stronger condition :

3°. For all rational non-central element vy in G and all v = (V) in Gy
such that, for any finite place v of F, ~, is stably conjugate to o in G(F,),

. Gy _
;135% 0y’ (1k) =0.

4.2 Let S be a finite set of places of F. By taking product over places in S
or restricted product over places outside S, we get Fg, Gs = G(Fs) and AS,
GS = G(AP®). Let S be a finite set of finite places of F we will say that a countable
family IC of compact sets in G]Sp (resp. Gg) is vanishing if, for any compact set
C in Gg (resp. in G?), the family (K x C)kex is vanishing and condition .
holds with G replaced by G? (resp. Gg). We write Zg ¢ for the finite subset
of Zq (F) refered to by condition 2.. At last, we similarly define the notion of a
family locally vanishing by replacing in 8’. G, by G? (resp. Gg) and taking v
in finite places of F outside of S (resp. in S).
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5 EXEMPLES DE FAMILLES EVANESCENTES DE COMPACTS

Theorem 4.3 Let K be a vanishing family of compacts sets in G such that {v
is trivial on Zx, then

Jim Vol (K)xv (X(G, K)) = (Koo A% o+ Kuc X(G) deg(V) Card(Z)

where x(G) is the constant introduced in [Art89].

Démonstration : To begin with, suppose Ko, = KOOA%)OO and let K’ be
acompact subset of Gy containing all the elements of K. By definition of a
vanishing family and thanks to Lebesgue dominated convergence theorem, only
the terms with M = G and v in Zg contribute to the limit. We get, using
Arthur’s notations ([Art89])

lim vol(K)xv(X(G, K)) = X(G) Z 1€ ()|~ @ (2, V)ha(2) |

where, for z in Zx, we have hg(z) =1, ®g(z,V) = deg(V)&v(z) = deg(V) and
|t9(2)] = 1 by connectedness of G, hence the result in the case considered. The
first remark following [Art89, Theorem 6.1] asserts that passing to subgroups of
finite index multiplies the Lefschetz number by this index, hence the theorem.
O

Write C,, for the compact set image of Y,, by the norm map.

Theorem 4.4 Suppose Milne main conjecture is true for G and let K be a
vanishing family of compacts sets in G];, then

lim vol(K)N(G, K, F,) = —X(G)( Zé) TOs(¢q) ,
Y037

the sum being over effective Frobenius triplets (vo;y,d) with vo in Zi,c, -

Démonstration : The formula given above for N(G,K,F,) is a finite sum.
We deduce from [Kot86, Proposition 8.2] and from the finitess of H!(Q,,G)
that the summation index can be taken independently of K in K. Note that, by
definition of a Frobenius triplet, 7 is elliptic in G.,. Hence by definition of a
vanishing family and by Lebesgue dominated convergence theorem, only effective
triplets with v in Zi c, contribute to the limit. For such elements, c(yo) = 1
and vol (I, ~,5(Q)\Iyy,~,6(A)) = —x(G) by the second remark following [Art89,
Theorem 6.1]. Whence the result. O

5 Exemples de familles évanescentes de compacts

Theorem 5.1 Let F be a global field of characteristic zero, S a finite set of
finite places of F and A a closed subset of an essential parabolic subgroup of Gg.
If K is a countable family of compact subgroups of Kq such that

Vz € Gg I1{1?;1C 1k (z) = 1a(x)

then KC is a locally vanishing family of compact subgroups in Gg.
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6 DEMONSTRATIONS — PARABOLIQUES ESSENTIELS

Démonstration : Les us check the properties required by definition 1. By
assumption on K, any K in K is contained in Kg, hence the first property.
This also ensures that A is a compact subset of Kq. Hence, if T, denotes
a maximal elliptic torus in G, for any compact subset C} of G}, Zx.c =
(A x C? X Too) N Zg(F) is finite.

Now, if g is rational but not central and v is a place in S, any stable conju-
gate of 7 in G, is not central either. So, by Lebesgue dominated convergence
theorem and corollary 6.5, property 3 is satisfied.

Finally property 4 is a consequence of Lebesgue dominated convergence theo-
rem and corollary 6.6. [

Ezample. — When G is GLs over Q, examples of families are given by classical
congruence subgroups I'(p™), To(p™) or T'1(p") for a fixed prime p and n going
to infinity.

Theorem 5.2 Let F be a global field of characteristic 0, S a finite set of finite
places of F and K a countable family of open compact subgroups of K? of the
form K = I, K, where K,, is a parahoric subgroup of G, (almost everywhere
equal to K, ). Suppose that there is a family (vk)xex of places of F such that
vk € S, the reduction modulo p,, of K., is an essential parabolic and

rlglc 0w /Puc | = o0

then IKC is a locally vanishing family of compacts in Gf’c.

Démonstration : Les us check the properties required by definition 1. By
assumption on X, any K in K is contained in K?, hence the first property. Now,
if T, is a maximal elliptic torus in G, and Cg a compact set in Gg, since
elements of K are parahoric subgroups, Zx.c = Zg(F) N (KJSC x Cg x Tw) is
finite.

Now let g be a non central element in G(F). Since Ad(7) is not the identity
map, it can be the identity modulo p, only for a finite set of finite places v of
F. Hence 7 is a non central element modulo p, for almost all finite places v of
F.

So, for almost all K in K, K, is hyperspecial, v is not central modulo p,,
and any stable conjugate of vy in G, is not central modulo p,, either.

Hence the two last properties result from corollaries 7.4 and 7.5. (I
Ezxample. — When G is GLs over Q, examples of families are given by classical
congruence subgroups I'(n), [o(n) or I'1(n) for n going to infinity.

6 Démonstrations — Paraboliques essentiels

6.1 In this section and the next F is a local field of characteristic 0, except when
noted, G is connected reductive algebraic group over F and groups over F are
equipped with arbitrary fixed Haar measures. If T is a maximal F-torus in G,
let ®(T, G) be the set of roots of G with respect to T and, for o in ®(T, G), let
Ur, be the unique T-stable subgroup of G with Lie algebra g,.

Définition 2 A rational parabolic subgroup P of G is called essential if there
ezists a mazimal F-torus T contained in a rational Levi subgroup M of P such
that ®(T, M) does not contain any connected component of (T, G).
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Remark. — A minimal rational parabolic subgroup is essential. Moreover if G,
is simple, then any proper rational parabolic subgroup is essential.

Lemma 6.2 Let P be an essential parabolic subgroup of G. The intersection of
all parabolics conjugated to P is equal to Zg-

Démonstration : This intersection is a normal subgroup whose projection
on any simple quotient of G is trivial. Hence it is contained in Zg. Since the
converse is true, the lemma follows. [

Remark. — This lemma does not depend on the field F and hence is true when
G is a group over a finite field.

Définition 3 Let V be a smooth irreducible algebraic variety over F. A Lebesgue
measure on V(F) is a measure whose image in any analytic map of V(F) is
comparable to the standard Lebesque measure on the affine space.

Lemma 6.3 Let V be a smooth irreducible algebraic variety over ¥, W a proper
Zariki closed subset of V and p a Lebesgue measure on V(F). Then u(W(F)) = 0.

Démonstration : If V has dimension 0, the assertion is clear. We now proceed
by induction on the dimension of V. As V is smooth we can cover it with a finite
number of Zariski open sets U together with étale morphisms 7 : U — F™. Hence,
by Fubini theorem, we can suppose V is an affine space. We can then assume
W to be an hypersurface given by an equation

Ao(Xy, . X )+ A1(Xe, . X D)X+ F Ag(X, e X)) X

n

=0

with d > 1 and Ay # 0. Let Wy be the vanishing locus of A4 in F*~!. By
induction hypothesis Wo(F) has zero Lebesgue measure in F*~!, hence so has
Wy (F) x F in F”. Moreover Fubini theorem also implies that W(F)\ (W (F) x F)
has zero Lebesgue measure.

O

Lemma 6.4 For v in G(F), let Y be a closed proper Zariski subset of X =
G\G. Viewing Z = G, (F)\G(F) as a subset of X(F), Y(F) NZ has 0 measure
for any G(F)-invariant measure on Z.

Démonstration : By construction of the quotient measure, any G(F)-invariant
measure on Z is the restriction of a Lebesgue measure on X(F). Hence the as-
sertion is a corollary of 6.3. [

Corollary 6.5 Let P be an essential parabolic subgroup of G. If v is a non-
central rational element of G, then OS(F)(lp(F)) =0.

Démonstration : Since 7 is not central, by lemma 6.2 P intersects the orbit
of v along a proper closed subset. In other words P, \P is a closed proper Zariski
subset of G,\G . Whence the assertion, thanks to lemma 6.4. OJ

Corollary 6.6 Let P = MN and P’ = M'N’ be two proper rational parabo-
lic subgroups of G together with rational Levi decomposition and K a maximal
compact subgroup of G(F) such that G(F) = KP'(F). Then for any v in M'(F),
(Ipay)w (v) = 0.
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7 VANISHING FAMILIES AND PARAHORIC SUBGROUPS

Démonstration : By definition

(1P(F))M/(7):// / 1P(F)(kilmflfymnk)dk.dn.dm
K J/N/(F) /M (F)\M'(F)

so that for the sum over N’(F) not to vanish there must exist some ng in N'(F)
such that m ™~ ymng belongs to kP(F)k~!. Suppose k and m fixed and ng having
the preceding property, then

Vn e N'(F)  m'ymn € kP(F)k™' @ ny'n € kP(F)k .

Now the set of (n, g) in N’ x G such that gflno_lng belongs to P is a closed proper
Zariski subset of N’ x G, hence by lemma 6.4, the set of (n,g) in N'(F) x G(F)
such that g~'ng'ng belongs to P(F) has zero measure. Hence, by Iwasawa
decomposition the set of (n,k) in N’(F) x K such that k~'ng'nk belongs to
P(F) also has zero measure. Whence the assertion. O

7 Vanishing families and parahoric subgroups

7.1 We keep the assumptions of the preceding section and assume F to have
non-zero residual characteristic p, except when noted. We write op for the ring
of integers of F, pr for the maximal ideal in or and set ¢ = |op/pr|. Let Py
be a minimal rational parabolic subgroup of G, with rational Levi subgroup
My, and W the Weyl group of G relative to M. If P is a rational parabolic
containing Py, let Mp be a rational Levi subgroup, common to P and to its
opposed parabolic subgroup, and Ap the maximal split torus contained in its
center.

Lemma 7.2 Let P = MN be a rational parabolic subgroup of G containing Pq
together with a rational Levi decomposition. If v = mgng belongs to P with
mo € M and ng € N and if w is an element of W&, then

X = {n € N | Ad(mg)(n " )ngn € wPw™'}

is a subvariety of N defined by equations with degree bounded by a constant
d(G) depending only on the root system of G. In particular X is contained in an
hypersurface of N of degree d(G).

Démonstration : Fix isomorphisms 6, of G, with U,. By [Bor91, 14.5 (*)],
the commutator 0, (—z)03(—y)0.(x)03(y) is a product of some O, (P;(x,y))’s
for a; of the form ra + s3 with r and s positive integers and P; a monomial of
degree r in x and s in y. In particular the total degree of P; is bounded by a
constant dy depending only on the root system of G.

Let n be in N. Write n and ng as products of 0, (z4)’s and 6, (y.)’s for a
arbitrary fixed order on the roots a’s. Then ngn is a product (in the same order)
of 04(z4)’s with z,’s polynomials in z,’s and y,’s of total degree bounded by
do(d — 1), where d is the number of o’s involved. In particular d is bounded by
a constant depending only on the root system of G.

Now let’s write mg as n~tn™ with ¢ in T and n~ and n™ products of 0, (uy)’s
with a negative, for n~, and « positive, for n. Hence Ad(mg)(n!) is a product
of 04 (ve)’s for v, polynomials in u, (with coefficients depending on t) with total
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7 VANISHING FAMILIES AND PARAHORIC SUBGROUPS

degree bounded by dod’, with d’ bounded by a constant depending only on the
root system of G.

Hence Ad(mg)(n~!)non depends polynomialy on z,’s, the polynomial being
of total degree bounded by a constant depending only on the root system of G.
O

Lemma 7.3 Let A be an affine space over the finite field Fy and ¥ be an
hypersurface of A of degree d. Then

CardX < iiCardA .
q

Démonstration : This follows from the fact that a polynomial on n variables
over F, and total degree d has at most dg"~! zeroes. O

Corollary 7.4 Let K be an hyperspecial compact subgroup of G(F) and P a
parahoric subgroup of K. Write P for the parabolic subgroup of G = G(or/pr)
obtained by reduction modulo pr and suppose P is an essential parabolic subgroup
of G. For v in K non central modulo pg, there exists a constant ¢1(G), depending
only on the root system of G, such that

G
0™ (1p) < 01; )o$<F>(1K) )

Démonstration : We may suppose P to be a maximal proper parahoric sub-
group of K.
Let’s split the G(F)-orbit of v in K-orbits :

G(F) _ K
0S® =y, 0% .

We may suppose each v; either in P or such that its K-orbit does not meet P.
Let 7 be the reduction morphism from K to G. For g in K, let g = 7(g) and,
for g in G, let [g] be the fiber of ® above g. Then

K _ K A [A1K _ _ K ~ [~
05 = Uge@% 0., N[go, NP = Ugeo% 0~ N 9]

and, for k in K the map Ad(k) induces an isomorphism
OX N [g] — O N[k~ gk]
between fibers. Hence

VOIOS(F)(O,IYEHK) = |Og|VOIOS(F) (O’Iﬁm[’%])VOIOS(F) (O,IY(ZQP) = |O§ﬂF|VOIO$(F)(O$ﬂ[’_}QD .

Hence we're left to prove

_ a(G), &
0 1P| < 21Dy
which amounts to
= c1(G) =
tgeGlsage Py < 2.
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7 VANISHING FAMILIES AND PARAHORIC SUBGROUPS

By Bruhat decomposition, G is a disjoint union :
G =PUNuwP

where N is the unipotent radical of P and w the unique non trivial element of
the Weyl group of Ap in G. If g belongs to P, then so is g~ '¥;g since we chose
v; in P. Moreover
|G|/|P| = 1+ |wN/wN N P|
whence
1

P <
q+1

G
Hence it suffices to show
[{nwp € NwP | (nw) ™' (nw) € P}| < $|NuwP| (g C|G> :
q q

that is o B o _
[{(n,p) € N x P | (nw)”'5i(nw) € P}| < 5INI-\P|

or
{n € N | (nw)i(nw) € P} < §|N| .

By lemma 7.2, the left hand side is the set of points over og/pr of a Zariski
closed subset of F given by equations of degree bounded by d(G). Moreover, by
lemma 6.2, it is a proper subset, hence is included in an hypersurface of degree
at most d(G).

Since N is isomorphic, as a variety, to an affine space, the assertion results
from lemma 7.3. [

Corollary 7.5 Let P’ = M'N’ be a proper rational parabolic subgroup of G
together with a rational Levi decomposition, K a hyperspecial compact subgroup
of G(F) and P a parahoric subgroup of K whose reduction is essential. There
exists a constant c2(G) depending only on G such that, for any v in M'(F)

/ / / (CQ(G) 1x — 113) (k= m™Yymnk)dk.dm.dn > 0 .
K JN/(F) v M/ (F)\M'(F) q

Démonstration : The proof proceeds as in corollary 6.6. For the sum over
N/(F) not to vanish, there must exist ng in N’(F) such that m~*ymng belongs
to K. By change of variable, we may suppose ng = 1, hence by reduction we’re
left to prove that the number of (k,n) in G x N’ such that k~'nk belongs to P
is bounded by c2(G)/q times the cardinality of G x N.

Let us first remark that the set of (n,g) in N’ x G such that g~!'ng belongs
to P is a proper Zariski closed subset of N’ x G and hence its number of points
over o /pr is bounded by a constant (depending on N’, P and G, hence only on
G) times ¢ to the power the dimension of N’ x G minus one.

By Bruhat decomposition the number of points of N x G over op/pp is
bounded from below by a constant times ¢ to the power its dimension. Whence
the assertion. [
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8 Annexe — Borne de Varshamov-Gilbert

Pour étudier les différents codes de facon asymptotique, on introduit Vj
I’ensemble des points (z, R) pour C variant (et ¢ fixé) et U, son adhérence. Le
théoréme fondamental de cette théorie est le suivant

Théoréme 2 Il existe une fonction continue oy de [0,1] dans lui-méme telle
que Uy soit U'ensemble des points (x, R) vérifiant 0 < R < ay(z). On a

q

1—xzlog,(¢—1)+zlog,(z) — (1 —=)log,(1 —z) < ag(r) < max{l— 1

x;0} .

La fonction minorante (souvent notée (3, s’appelle la borne de Varshamov-
Gilbert.
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